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The Modal Logic s5

The modal logic of equivalence relations.

Equivalently, it is the modal logic of universal relations.

A model is a pair (W, v).

vw(OA) = 1iff for every u, v, (A) = 1
v (QA) = 1iff for some u, vy (A) =1



How can we simplify hypersequents for s5?

HIXEY X ARY] HIXEY ™ FA]
[aL [CIR]
HIX,OAFY X' FY] HIX = OA,Y]
HXFY AF] HIXEYX'FAY]
[OL] [OR]

HIOA, X Y] HIXFOAY X' Y]



How can we simplify hypersequents for s5?

HXFY X, AFY] HIXFY— F Al
[OL] [OR]
HIX,OAFY X' F Y] HIX - OA, Y]
HIXFYA] HIXFY X' A,Y
[OL] [OR]
HIOA, X Y] HIXF OAY ~ > X' F Y]

Eliminate the arrows!



flat hypersequents

A flat hypersequent is a non-empty multiset of sequents.

XiEY [ XoEYy | | Xn kYo



FLAT
HYPERSEQUENTS



Modal Rules

HIXEY X ARY] HXEFY ™ FA]
[OL [CIR]
HIX,OAFY X' FY] HIX = OA,Y]
HIXFY AF] ’H[XI—Y/\‘X’I—A,Y’]
[OL] [OR]

HIOA, X FY] HIXEOAY X' FY/]



Modal Rules

HIXFY | X, AF Y] HIXFY | FA]
[ar] [JR]
HIX,OAFY | X' Y] HIX - OA, Y]
HIXFY | AF] HIXFY | X FA,Y]
[OL] [OR]
HIOA, X - Y] HIXF OAY | X' Y]

HIXFY | X'+ Y]isahypersequent
in which X - Y and X’ - Y’ are components.
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Modal Rules

HIXFY | X, AF Y] HIXFY | FA]
[ar] [JR]
HIX,OAFY | X' Y] HIX - OA, Y]
HIXFY | AF] HIXFY | X FA,Y]
[OL] [OR]
HIOA, X - Y] HIXF OAY | X' Y]

HIXFY | X'+ Y]isahypersequent
in which X - Y and X’ - Y’ are components.

There is subtlety here—concerning reflexivity.

InHIXFY | X'FY']the X F Yand X’ - Y’ can be the same.



Forms of Weakening

HIXF Y] HIX Y]
——F  [IKL] —— [iKR]
HIX,A Y] HIX - A,Y]



Forms of Weakening

HIXF Y] HIX Y]
——F  [IKL] — [iKR]
HIX,A Y] HIX - A,Y]

HIXFY]
HIXEY | X' Y]

[eK]



Forms of Weakening

HIXFY] HIXFY]
——  [iKI] ——— [iKR]
HIX,A Y] HIXEAJY]

HIXFY]
HIXEY | X' Y]

[eK]

HIX,AFAY] [axK]



Forms of Contraction

HIX, A, A F Y] HIXF A,A,Y]
— (W] ——  [iWR]
HIX,A F Y] HIXF A, Y]



Forms of Contraction

HIX, A, A F Y] HIX - A, A, Y]
— [IWI] ——F [iWR]
HIX, A F Y] HIXF A,Y]

HIXFY | X' Y
HIX, X' F Y, Y]

[eWo]




Forms of Cut

XFAY | H XAFY|H
XFY | H

[aCut]

XFAY | H X,ARY | H

[mCut]
X, X'FY,Y | H | H



Example Derivation

AFA BFB
[Or

— [1I] — [0
OAF | FA OB+ | B

[K] [K]
OAOBF | FA OA,OBF | B

[/\R]
OA,0OBF | FAAB
DA, OB - O(A A B)
OAADBFO(AAB)

[OR]

[\R]



More Example Derivations

AFA AFA
— [U1] — [l
DAF | FA —A,A b

" ow —— oy
DA+ | FOA O-AE [ AF

—— [OR] [~
DA F OOA FﬁDwRIAFD
A+ O--A




Modifying the Hypersequent Rules for s5

HIX,OAFY | X, AFY] HIX DAY | FA]
(0L [ODR]
HIX,OAFY| X Y] HIX = OA,Y]
HIXEY | AH] HIXEOAY | X'FA,Y]
[OL] [OR]

HIX, QA F Y] HIXEOAY | X' FY]



Height Preserving Admissibility

With these modified rules,
internal and external weakening,
and internal and external contraction,
are height-preserving admissible.



Height Preserving Admissibility

With these modified rules,
internal and external weakening,
and internal and external contraction,
are height-preserving admissible.

The von Plato-Negri cut elimination argument
works straightforwardly for this system.
(See Poggiolesi 2008.)



(m)Cut Elimination: the [ Case

&1 o1
XFY | FA | H X’I—Y’IX”,AI—Y”l?—[’
[OOR] [aL]
XFOAY | H XS, OARY | X'EY" | H

[mCut]
X, X'EY Y | XPEYT ||



(m)Cut Elimination: the [ Case

o1 &
XEY | FA|H XBEY | XTSAEY" | H
[LJR] [OL]
XHFOA)Y | H XSO0AFY | XPEY" | H
[mCut]
X, X'EYY | XPEYT | H | H
simplifies to
o or
XEY | FA|H XEY | XUNAEY | H
[mCut]

X|_Y | X/|_Y/ | X//|_Y// | H | H/
X, X'EY, Y| XPEYT | H | H

[eW]




Hypersequent Validity

XiEYr |- | Xak Yy

holds in 90 iff there are no worlds w; where
each element of X; is true at wj
and each element of Y; is false at w;.
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Hypersequent Validity

XiEYr |- | Xak Yy

holds in 90 iff there are no worlds w; where
each element of X; is true at wj
and each element of Y; is false at w;.

Equivalent formula:

=(OAXI A=V YDA AOAXe A=\ Ya))

OAXi 2 VYD) V- VOA X 2 \/ )



Features of this Proof System

Soundness and Completeness
Separation
Decision Procedure

Easy Extension



TWO DIMENSIONAL
MODAL LOGIC



The Modal Logic s5@

The modallogic of universal relations with a distinguished world we.



The Modal Logic s5@

The modallogic of universal relations with a distinguished world we.

A modelis a triple (W, v, wg).

v (OA) = Tiff forevery u, vy (A) = 1
vw(QA) = Tiff for some u, vy (A) =1
(@A) = Tiff vy, (A) =1



Hypersequents with @

XiEYr |- | Xak Yy

XiFeYi | - | XaF Yy

Multisets of sequents where one (at most) is tagged with the label ‘@’.



Hypersequents with @

XiEYr |- | Xak Yy

XiFeYi | - | XaF Yy

Multisets of sequents where one (at most) is tagged with the label ‘@’.

When you take the union of two hypersequents with @,
the @-sequents in the parent hypersequents are merged.

Xite Y1 | XoFY2) | Xite Y] | X3FY)) =
X5, X1 Fo YLY] | XoF Y2 | X5HY;



Rules for the @ operator

HIXEY|X,Atg Y] HIXFY|X Fg A, Y

; ; [@L] ; ; [@R]
HIX,@AF Y| X Fg Y] HIXF@A,Y | X g Y]



@-Hypersequent Notation

HIXEY | X'+ Y']—ahypersequent with components
X+ Yand X’ - Y/, which may or may not be identical.

H[X F Y] —a hypersequent with a component X |- Y,
which may or may not be tagged with ‘@’.

HI[X t Y] — a hypersequent with a component X - Y,
which is not tagged with ‘@.’

H[X F@ Y] —ahypersequent with a component X g Y,
if X or Y are non-empty.



Modal Rules

HIXEFY X ,AEY] HIXEFY| B Al
[OL] [CR]
HIX,OAF Y| X' FY] HIX FOA,Y]
HIXEFY|AHR] HIXEY | X' FAY]
[OL] [OR]
HIOA, X F Y] HIXF OA,Y | X'+ Y]

Here, can’t tag the A - component of [(L]
and the - A component of [(JR] with @.

(If we tag it, the premise is not general enough.)
We have - p O @p, but not g O(p O @p).



The provisoon X g Y ..

... means that the inference step

Atg
@A -

[@L]

is indeed an instance of [@L] as it is specified.

HIXFY X, ALY
HIX,@AF Y| X g Y]

[@L]




Example Derivations



Example Derivations

pFep | F prep | F
—— [@R] —  [@R]
Pre | F@p pFe | F@p
——— [OR] ——  [UR]

p Fe U@p p Fe U@p
— [DR] —  [OR]
Fe p D U@p Fe p O L@p on

- @(p > U@p)

0OR]

[
FO@(p > U@p)



(m)Cut Elimination is unscathed

0 5,
XFY | X' FoAY | H X"FY" | X" AbeY" | H
[@R] [@L]
XF@A,Y | X' FeY' | H X" @AFY" | X"t Y" | H
[mCut]

X, X" Y, Y | XX b YY" | H | H



(m)Cut Elimination is unscathed

61 61‘
XFY | X' FoAY | H X"EY" | X" At Y | H

@L]

[@R] [
XE@A,Y | X/I—@Y’ | H X" @A FY" | Xml—@YW | H

[mCut]
X,Xlll_Y,Y// | X/,X/” l_@ Y/,Y/// ‘ H | Hl

simplifies to

61 51‘
XEY | X'FoAY | H X'EY" | X" At Y" | H
XEY | X"EY" [ X X" @ YY" | H | H
X,X// l_ Y,Y// | X/,X//I l_@ YI,Y/// ‘ H | H/

[mCut]

[eW]



Two Dimensional Modal Logic: Relativising the Actual

A 2D model is a pair (W, v).

Vi (OA) = Tiff for every u; vy 0/ (A) =1
Vww (QA) = Tiff for some u; vy, (A) =1
VW‘W/(@A) =1 iffVW/’W/(A) =1



Two Dimensional Modal Logic: Relativising the Actual

A 2D model is a pair (W, v).

Vi (OA) = Tiff for every u; vy 0/ (A) =1
Vww (QA) = Tiff for some u; vy, (A) =1
VW‘W/(@A) =1 iffVW/’W/(A) =1

Vww (FA) = Tiff for every u, viy u(A) =1
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[Jand F@ — the necessary and the fixedly actual

| w1 [wa|ws |- wal -




[Jand F@ — the necessary and the fixedly actual
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[Jand F@ — the necessary and the fixedly actual

[wr [wa | ws |- [wa]
W1 LA




[Jand F@ — the necessary and the fixedly actual

| w1 [wa|ws |- wal -
W1 LA
ATAJA| | A




[Jand F@ — the necessary and the fixedly actual

| wi | wa|ws |- wal -
4% LA
A |AIA] | A
F@B
w2

Wn




[1and F@ — the necessary and the fixedly actual

| owi [wa|ws |- [wn -
W1 LA
A A|lA]| | A
F@B
W) @B

w3 | @B

wn | @B




[1and F@ — the necessary and the fixedly actual

| owi [wa|ws |- [wnl -
W1 LA
A A|lA]| | A
F@B
@B
wy | @B
ws || @B
wn | @B




[1and F@ — the necessary and the fixedly actual

| owi [wa|ws |- [wa -
w1 LA

A AJlA|--- | A
F@B
@B, B
w) @B
w3 @B

Wn @B




[1and F@ — the necessary and the fixedly actual

| wi Jwalws|-- [wa] -
w1 OA

A A|lAL| -+ | A
F@B
@B, B
wW» @B B
w3 @B B

wn || @B B




[Jand F@ — the necessary and the fixedly actual

| wi [walws |- [wal-
W1 LA
A |TAIA|---| A
[KIB
B
W) B
A% B

Wn B
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[Jand F@ — the necessary and the fixedly actual

| wi [walws |- [wal-
W1 LA
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[Jand F@ — the necessary and the fixedly actual

| wi [walws |- [wal-
W1 LA
A |TAIA|---| A
[KIB
B
W) B
A% B

Wn B




[Jand F@ — the necessary and the fixedly actual

| wi [walws |- [wal-
W1 LA
A |TAIA|---| A
[KIB
B
W) B
A% B

Wn B




Different Alternatives

Opk | Fp

KlpF || Faop



An example derivation...

In fact, we will have the following sort of derivation:

PFeP
KlpE || Fep
Kpk | FKp

[Klp F OK]p -
- Klp > OKlp




Xi ke Vi
Xite Y7

XiFe YT

2D Hypersequents

XVEYD |
XAEYZ | |

X1, EYh
X2 R Y3

2

XpEYE | o | XN FYR



2D Hypersequent Notation

HIXEY | X Y]

HIXEY || X' F Y]



2D Hypersequent Rules

HIXFY | X, Abg Y]
[APK L]

HIX, KIAFY || X' Fg Y]

Hire A || XFYI]
HIX F [KIA, Y]

[APKR]



Example Derivation

PFeP
pFe @p
FoP > @p
= Kl(p > @p)
- OKl(p > @p)

[@R]
[DR]

[[KIR]

[LIR]



Cut Elimination is standard

51 62
Hire A || XEY || X ko Y] HIXFY | X, Abg Y]
[APKR] [APK L]
HIXF [KIA,Y || X' o Y] HIXGKIAEY || X' g Y]

[aCut]
HIXFY || X g Y]

5 5
Hibo A | XEY | X'Fo Y] HXFY | X Alg Y
HXFY | X' Fo Y || X' g Y]
HIXFY | X' Fo Y]

[aCut]

[eW]



Proof Search for invalid sequents generates models

As in the classical case, we can use proof search on invalid sequents to generate
models

Rather than a single position, [X : Y], one uses a modal position made up of a
multiset of positions, with one or more component positions designated as
actual.

Xi:Ylle | X:YILo o | X, YRl
X:Vie | X3Vl o | XE,:VR |

XF:Vle | D3Rl - | X Yh



What we've done

We've seen how the hypersequent calculus is not only a general technique for
giving a sequent style proof theory for a range of propositional modal logics,
but it can also be tailored to give simple proof systems for specific modal logics,
with separable rules, and structural features neatly matched to the frame
conditions for those logics.



Tomorrow

Hypersequents for non-classical logics
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THANK YOU!

http://blogs.unimelb.edu.au/logic/
@standefer on Twitter
Based on NASSLLI 2016 slides by Greg Restall and Shawn Standefer.

https://consequently.org/class/2016/PTPLA-NASSLLI/


http://blogs.unimelb.edu.au/logic/
http://twitter.com/standefer
https://consequently.org/class/2016/PTPLA-NASSLLI/
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