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Def (X,\?) IS a _symmebic space i
1@( exeh x & X, 51'50»4.2-{:_\.’ Pu: X>X €1(x) 2hat
revevses  geodesics through X

P ; P 2
Y(-) vi) £y 1) Ll 1)
¥ () —> e (¥) (-t)

P_v'zP. A §ymme—fn‘c space (X, 3) S M3enws
under ‘tie isormetny s z(X).

PP let my €X. (Assume  path comecteclness )
Find fe1x) st £ =y,

Y Za 3eoc{esf¢ 's carmechﬁ x andl J
X/—;\ et 2 bete /u(‘c)—po/n-/- 070 r.
S Zhen L=z ()= Y-

f we -/4)( a pomt Ao &X and fet H:{yé.z(x) /giro:?so),
Hlen X = 294

E&-0O X=/Rh with +he euclidean memne¢
I(X) = E(n) < Euch'deam&yuuf:

e R"is a Ey/nme-rnl Spael  Since :
b+ Qney />o;h7‘ x <R, pomt veflecton i (x+v)= X-V € E(n)

-let %X,= ongin.
Hen e isotopy Growe 0‘/ % /s On.

So R" = EC2Dn.

let us shll consider owr % € X.

det L be the isometp that reverses H< yoa@esrcs -éhrg«ﬂh Po.

For easiex notaton, let+ G =1(X) be +he 1somety @ a/ X

Now, let us considev the 14//0»:3 mma.?a(sm n:fé:
L &G —= &

—> froq ot < Elie Cartan
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—> fweq et & Elie cartan

ovder 2 lee'sM

Now st & @) figeh’ g Hgel  TUOZTTIL
07! Riemanman Symmetnz Spaees.

det G*== gjé & /0(@)1?:_‘[ be e Subﬁfouf) o—/ G lefr 74)( 50(
G* moy  cortain muldiple  connectec! componauts. det us denvie
the comected couporent containing He iden-h\‘_-y (e /‘clen‘hiy W]

as Goé .
onP_c_;s;ﬁQn

EG-O Riemamion space R" writh isometnt Jrovp G=E(n)

det % still be e ongin.

Gy € H £ G

So 4% (v) = -v.
= o(g)(v) = A/Xaja%( (v) = '/"D\j(‘u)
= - g¢v)
/-fere, G‘$= On Sinee_
=)
:ﬁ(—V)=3(u) Vuer” o
= ‘3(0)=3(0) ' 9GeOn is linear
ﬁlo): o |= g¢-9) = g(- o) = 9
R IS an isomeﬁ +hat #(e.s e Nigin |
= \96‘0)’\

So On= $geet) [(9)=9Y = 6%

Recall Hat e Isohopy  proup of 7 1s On,
and e identity couporait- of G*=0n is Son.

So lere we incleecl hane He isow@ Frowp
n  betneen G°.';=SOn ancl &""(COA.

TIn -fau—f here, G* A%)en.s fo equa/( ‘to tlzrso-bolzj G-
But Hus doesnt alu)c{/fs Agp/aen.

Recall ocur earliex exam,?o{e.s o-,é /w»qgeneou_s' spaces :

© the sphre st homogeneous  under On
* he upper half- plare L under SlaiR
° Yo set of Symmetc, positie defluite . 1eak mahicas

ndex 6'Zn /R
e da QGrassmanniarn Gex(R") under Oh

These 4 Spaces are all Symmetnc spaces as wel(( .
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EG- Sn-l unclex Z.'e.‘jrau’o G=On.

S is a Symmetnc space  Qinek 7@( o xS,
Here exists an isometvy P Ae&j Ha refection in the (re Ra,
e. -r”x(u)=~u-+.’2<u,’x>7(

For mstance in S':

et
'(&;QW;I— IR

7le _'p IV Yl WY L O I/
n x [y, | = -V, o -V
y \ [} \
\ ) ' .
. . .
Va - Vn [o) -Vn

So ‘Iﬂx wrth respec-/' 4o e standarcd basis is —
|

Cons:k/ew OLI On = On “—\
\9 — -/x\? -px .

G = O xO  since:

39

ra _ & 9
1l_o 4l & o (. [&l8
]:ol—ln-.J /c] D ?ZD -J...,:l LC [ ]
<> (4] -] [a) 8
< D <D
<> B=C=O oand A=2| , Pe&On-

4o ensune gé0an

'y

Note Hat @GR coriachs 4 connectec! components :
On-1x O, = SOn-1 xE&+1¥y U SOn- "E"j

U (Oni\SOm1) % €13 U (Ot | SOn-) = 71,

The identits comporent GNis $80n1 3% 413 = SOn-r .

Recall Hat the isobopy grovf 071 Ao = (:,) s H= On-r

Indeed we Aare (5702 E Ot & Onw xO;
re. Gao( < H = é‘*

C’oinrp/ex Stuctures on R
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ex shueture on R"rs o lenear tremsfremaction

Def A
R — [R*" such dadt J3=-1.

J:

det 37 be the pace of complex shuckures on R

Hhat

re

L emma

Brp

je. i Je &, Hen
5n = {,JC_ 02nIJz=—‘ 3

Pt Piek T} €lRP st

reservesS 2h2 /nney /wodwd.
(TR, 32) = (2 0) VwuveRr™

det+ @ e, J € Fn. Tlen
(W J@)=0

Pl (@, Tw)= (T, T°@)

- CJJ’, _—7)
= -~ (J&2, &)
=- (@.3J3%)

2(x,J37) =0

= (@, Jz”)=©°

Then 3 ovthonormal basis vy

Ze—t Je& gn .
of R such 2hat
Jl)zu-l =V , IVae = - Vak-)

re.

2 oethonomal Svy s+
J= P |23 Pl tee P=|11 |
Vi V3 - Un
F Il

U 20 and A= 1,
let+ Vv2=J0l

V= span (R,77)isa Subspace of R
We can sp&‘-/ R as
/RZA - V @ V—L

Ten pick U5 and U5=J02 fo v,

1(?5_?, \7; r=~= Uz:-/ ) ?': 3’ ’s an outhonomal basis

Ju’ J Van-1
S’f’l(—l (\—JZ.R-I ) DZK) = (UZ<-: ) 3$l)zl<-l) = O (14)»4 /’)720)77145 /CMM)

With reS/D(C'I‘ 4o s basis, we obilaenh J as
o3

T
o=
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As a cmsequence , amf o J'’s are cpugate in Can . sine :

Let J: y J= € 5
Zen Jiz PAPT ee A-'[K;\ ] , PGE Oan,
Jx= QAQ! /.?S'
=2 J P G'J. QP

Pa) 3= CP@™)"

So ﬁfs Wenaus wunder caylga-/ivn achivm /ﬁ O2zn.

.&ZF gr\ = O2n/ "

Proolé_ .
let Jo= |3l

°
1o

© -
|1 O

Uis suffvent 4o shao Un = £3€02m [9-T793g9" <T. 3

9 (onsidec e embeoéaérg
‘P: Gla (i) —> Glan (IR)

mapping ecch couplex en'l:j a -b

Gt b to b a 2x2 block

. ¢ s a /wmomo//#usm Sin
(atzh) (c+vel) = @c-bol) + (ad+bc)~

a -b 4 ac—bo( ao(—bc

b a][o( CJ [ao(d)c ac- bd
= $(AB) = $(R) ¢ (R)

© ¢ is (echre shee Herd = I

0 Gln(C€)= SAcGlonR) | 4ToA7=To
Sinee s T at.=TJ-R

[b [o]_ZO_IJ[ ]
© ez [E]
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G P S e
<> =-b., = a

O Un= §G&O2n /\9-:[,:\9\1\9“‘:\1_}

I\

Oan N §9e& GlonlR) | AT-A7 =TT
oZr\ e G’ln Ci)
§hecGCa) | ¢(a)e O

u—l - u‘.k
© ¢ (u) =P (U")  ($ isechre)
< G (W=7 ($ homomorplusm  and ¢ (a-zb) = [fnb 2:‘ )
<> ¢(w) &€ Oan

7/~2r€74r~€, (X_n= Ozr\ ﬂ G'Zn (i)
is 4 /sohopy group of Jo.

O2n
3= /U

I'so

Def e /‘soimfic Grassmannian G (C7)
= < n-dimensional cohy)/@( subspace we c*"
[ w=w*}
(wrwhzo VweW where (,)
/s zhe L-bilireay ectension of e
innex /w;du_cf of IR PN (e = (@29) Ve e

Pp = Gl ()

J —> W= 3-e/genspace AT
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