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Frobenius number
Let Cq,..., Cx be conjugacy classes in a finite group G

N(G; Cry.. ., C) i=#{(c1y.-.,ck) € G x -+ x Cyler -+ ek = 1}

Since ci¢j11 = c,-+1(c,-jr11c,-c,-+1), N(G; G,..., C) is independent of the
order of the arguments.

Theorem (Frobenius formula)

Gl---|C @ e
/\/'(G;C1,...,Ck)=’ 1‘]G|‘ k’ZX( ;)(1)k>_<g )
X

The sum is over all characters of irreducible representations of G.
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1, C={1}
0 otherwise

N(G;C):#{ceClc:l}:{

Since 1 = g7'hg = g = hg => h =1, {1} is the conjugacy class
including the identity element.
Recall that if A and B are square matrices, tr(AB) = tr(BA).

Xx(g ' hg) = tr(m(g " hg)) = tr(n(g) ' (h)r(g))
= tr(r(g) "m(g)m(h))
= tr(n(h)) = xa(h)

So the character x-(g) only depends on the isomorphism class of
representation 7w and the conjugacy class of g. Hence,
X=({1}) = xx(1) = dimm and x(1) = x(1). By orthogonality relation,

Iy X0 —’C'Zx(cmn:{l’ -

x(1)~1 B |G| 0 otherwise.
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e k=2: N(G,G,G)=#{(ca,x) € G x G|cc =1}, so
C = cl_l. If a= gilbg and such that a € C; and a~! € G, then
be Cand b1 =galg~! € G. Therefore,

G|, G=¢!
0 otherwise.

N(G, Cl, Cg) = {

By orthogonality relation,

Cz’z (C)_{\Cﬂ G=C"

otherwise.
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e k=3: Let (C, G, G3) = (A, B, C 1) with A,B,C € C. Then

nSg :=N(G;A B, C ) =#{(a,b,c}) e Ax Bx Ctabc™!=

=#{(a,b) e Ax Blabe C}

Z(Z[G]) =< ec=> []|CeC >

ceC

Central elements eq = > 4[a] and eg = >, g[b] satisfy:

eaeg = Z [ab] = Z nSgec.
C

acA,beB
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Proof of Frobenius formula
To prove

(Gl G| = x(G) - x(Ck)
G, G,...,C) = E
N( » L1, ) k) |G| x(l)k*2 )
we consider G—representation isomorphism

C[G] = D¢, Endc (Vi) = Dy VEB " where n; = dimVj;, and compute the
trace of multiplication by ec, ec, - - - ec, on both sides of it.
On the left handside: We know that C[G] =< [g]|g € G >, so

tr(m(1)) = |G|. When g # 1 it acts as a permutation of base elements
with no fixed points. Hence tr(m(g)) = 0.

|G|7 g = 1
0 otherwise

eCIeC2...eCk — Z[Cl...ck]

C,‘GC;
tr(ecleQ e ec (C[G] — C[G]) = |G|N(G, G,. .., Ck).
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Proof of Frobenius formula (cont.)

On the right handside, since ec is central, 7;(ec) commutes with every
linear operator. Therefore by Schur's lemma, it acts on any irreducible
representation V; of G as scalar multiplication:

Viel milec)=uvn(C)-Id.

Clxm(€) =) xm(8) = tr(milec), Vi)
geC
= tr(v,,(C) - Id, V;)
= v, (C)dimV;

C ~(C
Hence, vx,(C) = ghSxn,(C) = XTI,
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Now assume [ = {1
m

Proof of Frobenius formula (cont.)

D2, Vi, the ec acts as multiplication of

m} and as a warm-up consider the space

Because the Schur’s lemma assures that Homg(V;, Vj) =0
ec, --ec, = AAs-
Therefore, its trace equals

m m
Ac=A: @ Vi — @ V,
i=1
Z Xw,(cl X CZ) Xﬂi(Ck)
Xm(l)

|GG -
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Proof of Frobenius formula (cont.)

Now consider the original space @, Endc(V;) = @, V™. The

dimension of V"™ is n? = x,(1)?. So by abuse of notation A, each
diagonal block in Ais (n; x n;) x (n; X n;) and its trace is

Xﬂi(cl)Xﬂ'i(C2) e Xﬂ'i(Ck)
X (1)*

|GLICol -+ [ Ci| % X (1)

Therefore,

X (CL )X (C2) -+ X (C
IGIN(G; Cy, ..., C Z ( 1)X ((12))k 5 ( k)\cuczy | Cel.O
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Riemann surfaces

Consider the complex plain C. It is a very simple example of Riemann
surfaces. As a more interesting example we can mention 2-sphere

S? = {(x1,x,x3) € R3|x? + x3 + x5 = 1}, also called Riemann sphere.

Figure: Riemann sphere.
Riemann surface

manifold.

A Riemann surface is an orientable compact 2-dimensional topological

m]

&
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Riemann surfaces of higher genus

Figure: Torus is a Riemann surface of genus 1.

Figure: A Riemann surface of genus 2.

m]

&
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Covering space

a continuous surjective map p : X — Y such that the following holds:
-1 _ :

VyeY 3Ayeucy ptU)=|]Vi bplv:Vi

p is called a covering map.

Let Y be a topological space. A covering of Y is a space X together with
i€l

bijective

cont. inverse

U.

m]
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Fundamental group

Let Y be the Riemann sphere with k points P, ..., P, removed.

By homotopy of a path we mean deforming it continuously and keeping its
end points fixed.

Homotopy of paths

A homotopy of paths in Y is a family ~; : [0,1] — Y,
that

@ The endpoints 7¢(0) and 7¢(1) are independent of s.

@ The associated map F : [0,1]?> — Y defined by F(s,t) = v:(s) is
continuous.

0 < t<1such

Figure: Paths homotopy.
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Homotopy relation is an equivalence relation and we denote the class of ~
by [v]. Now consider the composition « - defined by

0<s<1i
)

1
§S5§1

Figure: Paths composition.
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Fundamental group

In particular, conisder loops with base point yp. The set of all homotopy
classes [y] forms a group with respect to composition [o] - [y] = [a - 7].
This group, denoted by m1(Y, yo), is called the fundamental group of Y at
point yg.

In this group the identity element is the constant loop and the inverse
element [y]~! is the same loop passed in the inverse direction.

A Riemann surface is called simply connected whenever its fundamental
group is trivial.
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Example of a simply connected surface

Riemann sphere is simply connected. S2\ {p} is also simply connected
because assume we omit north pole N. There is a continuous bijective

map " stereographic projection” f : $2\ {N} =, C with continuous inverse.

Figure: Stereographic projection.

fu - m(S2\ {N}) = mi(C)

Since every loop in the complex plane is contractible to a point,

m1(S%\ {N}) =0.
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Surfaces with non-trivial fundamental group

A loop v in C\ {P} around the removed point can not be contracted into

base point continuously. Therefore [7] is a non-unit element of
fundamental group. Moreover, it is a generator, i.e.;

m(C\{P}) =< D] >
m(C\{P}) = Z.

Recall Y = S2\ {P1,..., Py},

7r1(Y) =< Y1»---a)’k’)/1"‘}/k =1>.

Each generator is the class of loops around each removed point.
Remark: m1(Y) =< yi,...,yk—1> .
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Fundamental group; a topological invariant

Theorem

Suppose that p: X — Y is a continuous map. Then it induces a
homomrphism p : m1(X, x0) = m1(Y, yo) such that px([y]) = [po~].

Now consider the lift of paths and base point to the covering space.
Given any two homotopic paths in Y, are their pre-images homotopic?
This is true for covering spaces.

Lemma

Let (X, xp) be a covering space of Y. Let « and 3 be paths in X with the
same initial points. If pa >~ pg then o ~ (.

v

Theorem

Let (X, xp) be a covering space of (Y, yp) such that p(xo) = yo. Then
py (X, x0) = m1(Y, y0) is injective.
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Let F = p~'(yo0).

Monodromy group
For every v € m1(Y, o), it induces a bijection g : F — F. Indeed:
@ 1 is a closed oriented curve in Y; therefore p~1(7y) consists of |/|
oriented curves in X.
o 7 leads from yg to yp; therefore each of the lifted curves in p~1(7)
leads from a point of F to a point of F, i.e.; a mapping g: F — F.
e This mapping g is invertible since + is invertible in w1 (Y, yo).
The correspondence vy — g gives a group homomorphism from 71(Y, yo)
to Bijections(F). The image G of this homomorphism is called the
monodromy group of the covering.
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Definition
Let (X1,x1) and (X2, x2) be covering spaces of Y. A homomorphism of
(X1,x1) and (X2, x2) is a continuous map ¢ : X; — X3 such that

p20 ¢ = p1.

There is a bijective correspondence between Covering spaces of Y up to
isomorphism and Subgroups of m1(Y, yp). Let us fix xo € F.
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From a covering to a subgroup

Theorem

Let (X, xp) be a covering space of (Y, yp). Then the subgroups
px1(X, x0) for xo € p~1(yo) are conjugate subgroups of m1(Y, yo).

In fact, each one of these subgroups are stabilizer of different base points
(i.e.; includes paths composed of loop lifts, going from xp and returning to
it) and

Vxo,x1 € F,a € Hye K 38 B-xo=x = a=p14
Moreover, the right cosets of H are in bijection with F:
Ha=HB < af e H <=

both @ and 8 send xp to the same element x € F.
Therefore, [m1(Y, y0) : H = |F].
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Normal covering

A covering is called normal if the corresponding subgroup H <1 m1( Y, yo) is
normal.

In this case the monodromy group is isomorphic to the quotient group

7Tl(\/a.yO)/H'
A covering is called universal if H = {id} i.e.; if the covering space is

simply connected.
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Let >, be a Riemann surface of genus g, then

1,1 1
Wl(zg) =< alvﬁlv' ';agyﬁg|a1ﬂ1a1 ,31 "'Oég,BgO[g ﬂg
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From a subgroup to a covering

Given a topological space Y and a conjugacy class of subgroups of
71(Y, ¥0), is there a covering space (X, xg) such that pyum1(X, xp) belongs
to that conjugacy class?

Theorem

Let Y be a topological space which has a universal covering space. Then
for any conjugacy class of subgroups of m1(Y, yo) there exists a covering
space (X, xp) such that pxm1(X, xo) belongs to the given conjugacy class.

Sketch of proof

Let (X, %) be the universal covering. Since 71(Y, yo) acts transitively and
freely on F, m1(Y, y0) = Mon(X,%). Let H be a nontrivial subgroup of
m1(Y, y0) belonging to the given class. It gives a subgroup K of
Mon()?,f(o). Let X = )~(/K, then X 5 X % Y commutes with p.
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Faithful action of a group on a set

Action of a group G on a set A is faithful when the corresponding
permutative representation homomorphism ¢ : G — Bijections(A) defined
forallge Gby ¢(g) =0g:A— A ; og4(a) = ga, is injective.

Let G be a finite group and p : m1(Y) — G a group homomorphism. p is
specified by its value on generators of the fundamental group.

1=p(1) = plyr--yx) = py1) - - p(yx)

Hence N(G; Cy, ..., C) simply counts the number of homomorphisms p
with p(y;) € C; for each i.
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Topological interpretation of Frobenius formula

If G acts faithfully on fibre F, then each such homomorphism corresponds
to a normal covering X of Y with monodromy group G such that the
permutation induced by p~1(7), the lift of loop around P;, belongs to the
conjugacy class C;.

In other words,

N(G G,....,C)=#{p: X = Y :ply) € Ci}

This interpretation also illustrates the independence of N(G; Cy, ..., Cx)
from the order of its arguments.
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There is a natural question. Can we generalize this to covering spaces
of Riemann surfaces of arbitrary genus g > 07
We know that

7Tl(zg\{Pla-'-aIDk}): < 0617,8]_,...,Oég,,@g,’V]_,...,")/k‘

alﬁlaflﬁfl T O‘gﬁgaglﬁg_lr)/l e =1>
Define

Ng(G;Cl,...,Ck):#{(al,...,ag,bl,...,bg,cl,...,ck)E

G2g X Cl X oo X Ck . [al,bl]---[ag,bg]cl---ck:1}.
such that [a, b] = aba~'b~!. Then

Ng(G; Cl,...,Ck) :#{p:X—>Zg\{P1,...,Pk}]
X is a normal covering with monodromy group G

such that monodromy of ~; lies in C;}.
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Theorem (generalized Frobenius formula)

With all the notations mentioned above, we have for all g > 0

_ x(C x(C
Ng(G; Cl,...,Ck)z ’G|2g 1’C1| |Ck’Z (11))k+2g(2k)'

Sketch of proof

Let C be the set of all conjugacy classes in G and a and a’ be in the same
conjugacy class A. Then there are |G|/|A| elements b € G with
bab=! = a’. Hence
G G
Ng(G; Gy, Ci) = Z U.--Ux

A1,...,AgeC 2 Ag
N(G AL AT A AL G Gr)

Now we apply Frobenius theorem and othogonality relation to derive the
generalized formula.

v
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