
Kari Vilonen ①

Mixed
. geometry -

IH 't

X space ,

scheme→ Vector space / abelian gp

mixed Geometry → Ultimately give a motive
" Basic theory

"

perverse sheaves , D -modules

Put some extra structure
what we get on a point is

" the extra structure
"

.

Q ; what is the extra structure ?

A :

Instead of v. space ,
we put rept . of a. group .

.

.

Classical point of view , G = Galois group

HF
, F finite field , G =E= Gal CFIF?

F local field ,

Q
.

Gala OTP (④p) ← structure of this

group.



Work over Q ②
The coin plex version of mixed Hodge structures .

✓ space U
,

two filtration W
. F F

.

T T P
> increasing decreasing

( Induced filtration F- & I
-

are complimentary on Grwn V
ie : FP In

-P
= gown ✓

v -

induced filtrations

A vector space

✓ = ⑦ Vl?
G

,
N : VPP→⑦ Va ' ' linear map .

acp

¥g° : Wu = ⑦ up. q
6<8

PTFEU

FP=expcN ) ( a④zpV"b) FE expo- N) ( ⑦ Vaio)
> 67g .



Second description : ③

MHS ⇒ Rep V Xl Gm x Gm

9

Lie CV ) = { da ,
o la ,

s }
Solvable

GZ

Gal TQp/Qp ) is solvable
Note : whom dim of Gal CQTPIQP) is 2 . } analogy

Cohan
,
dim of MHS is 1

.

Iud¥m×¢m (X ) is in decompose: 66 pro - projective .

Claim "?
Any sub bundle of a p. pnj is proj ?
. def

Hazel Nf) = Extras ( ECS,
M) only non - zero

NHS in degrees o & I
.



X pt smooth ( proper) ④

RHF.fm/fx*qfD , M) = RHomµµµ ( idol , #*M)

f smooth
.

⇒ f- *Q lo) is of weight 0 .

Hd ( field) = O
,

unless D= dim CX?

Ox * weight D= dim X E- d]
,

RIK : DR: MHM , → PCX)

M ↳ Dj ①BE dim X ]

Comment
-

"

Gufang explained : how to get a graded enhancement of Oo
from the mixed story .

It's NOT straightforward !



Jantzen Conjecture ⑤
.

We consider category O or O
'

.

We write T for the - of the Cheval ly involution .

For an Sls- triple .

T CXa) = ya
T C Ya ) = Xa

Tc ha ) = ha

14=14,2 Verma module of h .
w th

.

To construct MV
,
we duabize the weight spaces of Moe let @ act on M?

by @ f)a) = focus v )
.

Let Ut be the h
.
w vector for M ,

Ut h
.
w vector for W .

Et VI) =/
.

We get a natural map In. M→ at

it, hot .



If we go to geometry , ji
.
j* ⑥

The I gives US a contragreatest pairing .

C : M ④ M → a

sit .. C ( UU , v ' ) = Ccu, TCU) V
' ) by

CC V
,
ul ) -- ICV ) cu ')

.

Notethat :
←

Call them M.IT
.

the underlying vector spaces of Mae MI can be identified for

various TL
,

as these modules are just abstractly Ellen -) Vt
Ia: M → 1W

. REG?
This map can have zeros.

Intertwining Operators

Rink : Some people like it to have poles .



KL : they fix a .

Want to understand how the standard modules a ⑦
Irreducibles are related . at 12

.

Jantzen : Lookat the neighborhood at a ! ! !
Similar to looking at Ftp t> QpZZp .

⑨
.

Let's consider two f. d vector spaces E & F.
A- Geeta]

K - acct ))

It : A ET A f- g-
Free A-mod of rank n.

I to sit :

get an isom .

We have a basis of A F EM 's - . . .mn]

sit: { tf
,

'm
,
,

.
. .

,

tdnmn } is a basis of A E
.

dildzl - - ' ldn .

II

mi mi



Can define descending filtrations Fu
,

Eu
,
sit .

.

⑧

A EE CME Idi TV }

} filtration
son

F&E

A④aF= Limit die - V}

EYE" ' e F-Yf- rtl

M t' Em Icm)
at o

.
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Jantzen Conjecture=-

M Verma module of h . Weight N .

MV contra gradient dual

M → IT ⇒ contra gradient pairing on M .

ICR ) : M→ at C geom . j , → j *)
Goal : we will define increasing fitr w

.

'M W
.

'M" as follows
.

We can define a universal Verma module / Ucg ) = R
.

In the construction of a Verma module
,

④ everything by Uc.ly )

How does B act ?
veg , ④ g → U 147 o-h.co

.
①

I ④ h ↳ h



M free modality ) 14=4218 ) peppy ④

To define the Jantzen filtration ,
we restrict

nest Cline in g.*)
or

any dominant wt

Ilo) : E → F E
. F f. climb

Ict ) : A④¢E → A f ( two lattices )
,

where A- accts? k=eatD
.

s.tk#CjIFKxoaC ) get an isom.

Er : - { VE A E I tried it c- A F }
The same definition for Fr using IHI : 18×0 f- → Av E

.

e

we get :
" - E-ZEE- If Eo - E (evaluate at o)
OE Fo EF, E

- - -
'

⇐Faff
,

modlt



If : I basis mi, - . .

. Mn of A F sit :

µ
through the image

of I ①

ME = t dim, is a basis of A E
,

d
, / dal - - - I In

.

Er = LE Mako) / diaz - r } >

Fr =L 9 make)
. I dios r } >

E-RIE
- re ,
→ Frlfrt

II

v f.→ t
-r
Ict) VIO?

M→ MY restrictor nets wt space
and complete at O .

⇒ Jantzen filtration on Mn & MI
.

The WEM , WIM
"
ate UCF ) - submodules

.



④Fact :

W-
'

raywin ,
an E

Y
'

'MWai luv

Let's specialize to 12=0
.

Can work in Oo
,
Oo
'

.

For Y ,
w EW

,
we have

. polys Py .
w Coo ) defined by Gufang .

Jantzen : tho.

µ,
l l

Ting 's indexing .

WEW -7 Mcw . o) 2-7 jw ! Clxwwo E 3

Xe= pt

KL conj : My = E Pwyll ) Lw .

-

WEI

Jantzen : Pw
,yet ) = I [ Grimy : Lw ] ti

i



grew 'M ←w
" - def

contregreatest pairing .

⑤

Rink : The filtration W
'
is the weight filtration .

C not obvious ?

M-nodremywtf.lt#tin : C BB)

Let Q be an object in any abelian category and SE End Ca ) nilpotent

Then
,
there exists a unique filtration µ . on Q at :

S : Ili Q → Mi-z Q .

and
sci induces an i som : GrimCa ) -5 Grenz (Q)

Runk : Mi Q =
,

Ker ( SK" ) n Im ( Sj )
.



Pi = Ker ( S : Gri Q→ Gri- a Q ) primitive part . ④

Gr?.Q=j⑦o Pj ④ ZESTY g-je ! graded mod

degc Pik - i

structure . degcs ) = -2 .-

Py
P- z

P Is P-as
° I

Ris
P
-z g

Z

o → kerb)→ Q →S Q → Coker → o

" "

J ! J*

Filtration on Q induces a filtration on kergf? ) & Coke (S2
.

S *



⑦

WII
.

= J ! A Ihr CS
- i ) iso stabilizer←

Negative degrees.

{
We
' J * = ( Ker sit Ins ) (Ims ← Filtration in pos. degrees.

( This is the weight filtration?

Strict exact sequences

CA) 0→ ( J ! ,W!) → CQ
,
a)→ (E

,

U
. - i ) → o

o → CE
,
M.tt ) → CQ , re) → CJ*

,

W ! ) → o

where E -

-

= Qlkercs) 9 5
.

Note : QE Ints )
,



Gr J !
= gtfo Pj 5J ④

•

•GrJ*=j¥oP's . R 7.
•

; !•.
•

•

Apply Gr to
# :

O→ gtfo Pj 5J → j¥Pj④Zd/s I → gtfo Pj 25452
'

-20
.

11

GrJ !
.

⑦ =
I
W f

i

f : x→a U G X ← F

¥4 closed
.



plus pcx ) ⑦
-

pass

Nearby cycle construction

j !
→ It * g,

Sc ? ,

*

when ! e * collide
.

M

U X F Edf see : If
it

' '
il

Xw#w←2Tw← a principal divisor

F- log .

Onipotent monodromy .



⑧
Kosal duality

Iepu¥÷: / (statement) ⇒

k¥ mouthing
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Elementary to define the Jantzen filtration on Mae Mir .
Next step is to show it is the weight filtration ( shifted)

we use mixed geometry .
Gu fang chose to vise Hodge modules .

We have the category MHM CX)

Recall the objects are c al
,
F. M , W

.

IU )
T T

't

Dx- mod Dx - filtration by Dx - modules .

° Dxcn ) Fm M E Furth Ill

. Dx Wm th E Wm M
.

Recall : 14 hole regular.

The quotient Wr 141 wryly is of weight r . It is semi
- simple .

If Grwr MEO ,

we say that 14 is of weight r

IU has not Zr ⇐ Grown = o for der



µ has wt EV ⇒ GrYM=o for E > r. ③
If this a complex ,

then it has wt f w ⇒ Hbcu) is of wtsktw
.

zw ⇒ - - i - 7ktW

We have 6 functor formalism
f-* f

!
increase wts

f ! f-* decrease wts.

-

:of 1W .

← any artinian cat .Socle filtration
-

Some maximal semi - simple sub obj .
Si M = pullback of so CMIsit M )

.

Assume NL is a mixed Hodge module.

.

14kt forget the mixed Hodge structure

They both have their socle filtrations.

These socle filtration s are different in general as one can see
already when X is a point .



Def : we say that M is partially pure .
* - pure or ! - pure ③

of weight w . if OEM is pure of wt w for all X EX ,

e'
x

: 2x 's → X
.

if it M - n -

Very strong condition .

It's true for pure objects on flag manifolds w. rt.
N - or K- orbits

,

Lenny ( Bellinson - Bernstein)

TIX locally closed , 14 pure of wt w on T .
Then for any

NE FLEE* tu) in MHM sit its sub -quotients are all ! -pointwise pure
.

We have : Si N = WWti N.

Furthermore
,
the mixed and non - mixed socle filtrations coincide

.



Nearby cycle Construction ③
- --

"

j i
consider X

,
f :X→ a UGX a F
P

" "

smooth f-Ya 't) f- ' lo)

Consider a holonomic module M ou U
.

We will analyze j * M & j ! M
.

We will work locally near a point in F .

Thus
,

we can assume that U is Stein
.

( affine in alg cat )
Hence

.

M is generated by a Ou - coherent submodule Mo
.

A serious input into D - modules is the 6 - function lemma .

Lemme ← deep .
-n f . and U .

For any section U of IU 7- PE Dx EST , 6 E EES]
,
set

p ( f
' '
u) = Gcs) fsu (Sato

,
Bernstein )

Because S3 is a PED
.

I smallest such Gls)
,
and it is

the G - function
.



j# Me = REF , ft ] 14 . DUCK ④

If Koko
,
sit : face generates j * DU

choose to < any zero of Gls)

⇒ I lasso ,
sit fk Mo generates 8*14

( ⇒ g- * Chol) is still hold .

⇒ j*fU is holonomic .

Now let's work over the punctured formal disk
.

ji
.

fsM.CC s )) ~→ j*fsN Ccs )) Guss?

by the 6 - function lemma

B - function lemma
-

"

j*fsMCCs )) is generated by j* fstkkl.es ,?
for any K .



Lemma 240
-

"

D×(ftp./=j!*lUf--ImajejiM-j*M )
for tv >70

.

Pf : j*M/ . is supported on F .

T ! #M

Fork>20
, f-

'440 E3 ! * 14

MOET# Nl coherent sit DxMo=j*lU
.

EA

lemma ⇒
y
'

, fsu as ) ) -5 j # FSMCCSD

u x F f:X→ a
"

' '

F' let) F' lo)

M 5*14



Sarjectiviey j ! → j* , Infectivity is dual
. 250

For the formal disc GEEST]
,

we have

j ! f- SJU [[ SD → j*fsMEcsD
and j * fs INCEST = 92×533 ( f SH Mo ) ,

K > > O
.
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Lemmy : Assume that IU is a mixed Hodge module.

Such that :

all its sub quotients are ! - pointwise pure .

Then :

§,my red = Secured .
)

.

P¥f :
clearly . (Sony red E So lured

.

Show the opposite .

Z E Irreducible local system L .
ie : V. G

.

with a flat connection

sues# if fi on z
.

X IH ! * L → We?

§ by adjunction ,

I :*L → x'CE
! ly)

red

.

We shrink Z
i
s't :

e.
! 14 is smooth on Z

.



J ! * L→ wait ,usted h → zc-cz.su, red
④

' f

T y to " / T
J ! 2 he

pure

L is a summand & thus has

compatible Hodge structure.

Reverse the argument . I

Lewing ( Bellinson - Bernstein)

Y IX smooth locally closed , 14 pure Hodge mod of wt w on T .

NETTIE* tu) a subMHM sit all sub -quotients are all ! -pointwise pure . e
.

Then : SiN=WwtaN
Lemma
⇒ Si N

red
= (Wwa. N)

red
.



Proof : prove it by induction .

on a
' & dim ( Supp N) . ⑧

Note the wt Hifi * M) z w because e'
* increases weights .

S- IN = Ww -i N =D

So (706*143)=21*14 = Ww (Hifi *MD

⇒ So N-

- Ww N

Of course Wwe E Si N because grw . N issemi - simple .

Have to show the opposite .

Assume Wwei N ET Si N

⇒ I an irreducible summand A of wt > Wti of
⇐%yewyN
-

11

Let's assume the support of A is a point Sit N

If not , just cut to support generically by a normal slice .



i : 9×34 X A- e'
*
L

,

b pane of wt > anti
④

o →
Ww"- ' N/ww⇐zN → Silly www.zn-asiN/Woew-iV " "

Jo
O→ Wweit Nl Wwe-2N → B → A → 0

Bottom exact sequence is a non - trivial extension even after reduction.

( By previous lemma sinned = ⇐ a)
red L

.

Have a non - trivial class in M
11

-

Ext 'm,yµL A ,
www..IN/Wwto-zN)= Ext

' ( L .ci ! ( Wwii- iN/ww⇒zN) )
MHM

tr
Ext

'
C A

,

- n - ) = Ext 'LL .

- n - )

M :=ei
! ( www.iN/wwti-zN ) lies in deg 70 and is pure of wt Wti- I

.



③
wt > Wti wt Wti

b ol

o → Extent (L
,

Hocus ) → Ext 'much .
M) → Homme , CL , H'UN) -70

"
o

t t
reduced - o ⇒ Extiuiyl ↳ M) = Hou CL , H 'M ) -20

.

/

For Verma 's the cosode filtration s coincides with the wt filtration upto a shift
8

The dual Verma 's the socle - - i -


