Representation of finite groups (2)

Reference: Zagier, Applications of the representation theory of finite groups 2004

Aast_ week

9 vepresentedtion viw) o—ﬂgnmp G
¢—v¢d\’rspa.¢r_ \Y)
T G —> GLv)
G 1= T(g) L bijechvre
© RG':):G-V ticns{Sumaton

i L =V
‘3) :Pﬂ'{lg) v

o a&‘m'ﬂ= J&‘M(V)

o Vend | are isoma/égz (U'zv‘) ;.,Z fee exists @
G - equivariant  jsomovplusm Fom Vg V'
G A:u—>u' st Alnu)= T @A)

¥ 1L U is o repeseriection of & +Hen,
e VA & Home(BW) & UD---DV e representechons

T se'f—:#/»a»muwpuxms fom A+ V

quotent of (u@w|veV,we W3
by ewwd = (cvyw) = Coew) A ce C

je wth  basis (U@«A>=Aas‘:'s(u)x bass (A4)

¢ V= Homc Cu, €) Is a repesertahon
. HuM(_CU,A)Q U*@~~~@U“ s aJso q-qn{;en-/-c‘ﬂw

o V@e\V a3 He quotient o# V®6v'l>j 3u®u'=u®3\/‘
Homeg (v, V') = s*ei-oll G—eqw‘wnmd- lreaw -ﬁansﬂm@oﬁms -%v\ vt U
% comuudotie wth g”
Z pot represen-ecton s 7

o U s iweducchle if H corads ro peper subspree
whidh 15 mvaviant ancler the aelon of &.

2 Ay ;qresen-ta-ﬁm o-ﬂ G 185 a dhect swm 0'/ Civeduweible D
tmeducchble  omes. What does  Hom_(uiu')
Jool (ke ?

VeV da C
Vg v en €03
Schuy's  lemma
)z

let VU and U be 4o imeducible refresekd-a#pns 07” G @
Then e  C-vechx speee Home (v, v') s o-dimersional £ VEV' and
|—clmersimal £ Uz vl >

The Spac2 Homa,. (U, V) rs Canonjca,\l/y /‘sama?’n‘c +o C.

Tiq most  rohucad

/SO X9 7%
Pro /

@ Assume Uz !
To show: Homg (V,0')=303

let & € Homg (u,0') b s G-QQuivariont
7hen ,  +o shaw C(D = O,

Representation Theory Page 1



70 Shaw JmCQS) =0,

let we Im(P)
en w= d(R) Ly sme weU.

gw=9¢() = $(gu) € )
S Im (¢)QU' s G- varant

Smee U B neducible ,  Im@) (s tiral

N Im(P) =585 o Zm(PI=V'

let ve Kee () .
Then  Plgvd ~ g
g\
o

o gv & lexCP)
So Me,r(cb) /s G - mwaviaut
Sinea. \Vj 'S iwveducble )

Kee@) € U rs octivial subsprcR
So Ker() = S0 oc KerCP) =uU |
surjeeédné = /'AJQC‘{"M

J‘ld Im (¢)= Ul‘) Kev (qﬁ): {a} )

But+ v
Tz 52 o cotradizbon

L\\ jm (¢) = O
S\ =
& Homg (v, o'z

P(v) Since ¢ s G-eguivanant
o

| { |I

Assuume. V= u'

let U=U',

[70 dhoo < Hom (00) = < |

Dethe a (inecx zransfpomotion
¥ Homg (viV) —> <
P > P55 egenwalue

To shao P rs
- well- detec
- bjechre

Jet ¢ & Home(uo). ‘
le+ )N be an eilj’ehua/uz_sqﬂ qs ()\ exists because <C>

det v & Ker (Pp—N)

(¢-7) @v) = ¢ (qv) = X(gv)
CP(U)—S O\w) since Cf i's G- equivanant

j (¢(U) —Av) N s scalav
go Sh2  Ais on egenvector of b

v

Representation Theory Page 2



o

wWhadt are He

= O

Lo v & e (XD
SO \ZQY ((P‘)\) <V IS 6‘—

rhuariant
Also  Kec(p- 1) #+ 203 s efenspace +# o3
So loc(p—1) =V
So CP - =0
So P=N

So eceh o o hos | egenwalee
€ b b2 fowe +he some egenvaluz. N\, Hen ¢ =)= P23
each N

comeprcls fo | P =Nl

So #e lnear mop ¢ Homg Co,u)—> € s bjeche.
¢ = AN
So H%,(U/ v) ~ «C
and H‘OMCT (v,v') = /—/DVVIQ_(U;U) ks I-chmensinol.

Chaveter oJ{ G represevHeipn

let (W) be an  iweducble  repesentctiorn 074 &
7le Aaraclec 070 (V,T) s ke ﬁnc#ayn

77‘ 9) = 4 ( 118) U) D axgument vefers to +He vedor spae2
T (oreon +ran37g(wa>ﬁ7>m G acts en
[ medvix wovt whih basts cloesn+ modfer sing
w( PAPY = w@)D 3
%e (g)

&Pends only on e amjugacy class 072\9,‘%
1f 3 & ﬁ , Zhen

/Xr@) 7(7 _‘> 74( Some heG
= X (T(A) T(g) T )

= e (T TUg) 7))
= ()

ZEXGD)
Chataete— —able 074 Sx

%5

R
jrredue b7£: ?j
~p

>
C?Dru\lgggj dosses M Sz >

S = $1d, (2),@2), (), (32),(23)D7

Cra = &1d 3

Representation Theory Page 3



e Ly = &la), (13), 33 = Ly = Tony
YRy = G2)
() (R)(R) = Cr2)
() 2)03) = (23)
G (1) (e3) = (3)
{

'C(l*sz) = 5(123) o (132) S = tazz)

What cre the iweduchle repesentotions of 37

. V= &
1 g '— ! pority of pevmcterton
= pandy ,_,Z ivecsvn
. v= C © T oxe Y but
€3 ¢ 3 =+ eren  pefmuctsctiom PFEHPNCAD > poson ()

- ocldl Peu»«da'm»q

- U= Wa= §enm, as) e € [ XitxatAy =03
Sty G2 permutedion

(Tle%_ are the on\L_\j educchble szregem‘aﬁ‘l)ns)
Compele  the  hovacter teble

& | 1d l () { (123D
1 / ! (
z3 | -1 |
Sty | 2 o -1
XL
[+ ] v (3)———
E3

Iid : b= b ZIO] = =0

Representation Theory Page 4



Charaete = s usef A |

==
- bre U,V rsomorplnz?
+ Is V  iwecluctble T )

Fist  Oc#hogonalitry relation

Let (V%) and (V') 7)) ébe 4o meduccble represeyrtortson S 0#@.
Then

| = = (\ Ve
IEREICREIORE B

36—6 (®) oterins,

Foe any veFresen-i-a-h‘on U 070 G.

we wate V& B the pace. 6f G- invaxiant vectors
ie. V&= sueU lgu=vl

) Alaim~ e (WGF)= (1G] =2 (3"))
ge&

———

The Pre)‘e,ch'DYi #\)M U 2 U& ;s
— -l =
PCv) = /&/3%@_ gv
Sinez
o 14# v & U) %hey\ PCU) GUG
/C/‘e, :Lp héér'/
sen h P() =Plu)

h Pl = A(/G—r‘;t&gQ = 1GI" Z hg) - /&/”ﬁ (Ag)v

= [¢]"= gV
3%3
= P(v)

. l# we VF, den P(w)=w

- = A
[ P(w) = /é/jézﬁ-\gvo ;/&{%_Zarw = w‘]
(wi's G- mwewadd

’\tsw:w )

Tace 072 & prrjee#m meoctrix = dimension 072 “arger spack

Qo obm (V) = # (/4/"533) - /é—/_'ﬁ%;: erg)  G)

Representation Theory Page 5



Recael(, Homg (U, &) & UL*&~ -6 U anel
V& A &4 Ve ---0\J
Since. Vand V' are  sepesentodioms  of &G, hen
Hom, CV',v) ~ A
are  also  repeserdetns ofl G, with
¢ G-acfon on HomcW,v) : (gP)v)=g(¢ (g'v))
e G-action on V' & U T 9lte V)= (g ¢) ® (gev) = (4-G)@ (\9\))

AH?J ) 2o Home (Vs v)2x v *®cV
%MZ(HOWIA;CU/V)) ] 16" = tv(g Home (0!, u))
_ /é_/'ljzé_ér f\/[ﬁ, (/ (9¢ )
Note  zhat for any VW ,
t(g.VeW) = & (g,V) tr (9w
aé‘m[ Homc(v‘,u)g']=(él-lj&6_ + (3,\1 )—&r(g \))

'Z‘\/(j)\/'*) = —I/ U‘)
< (&l” Z e (gl v) e Go)

= (g, V) = &, 14’,( any U

s (g™ j%@r 2v(g, v ) -&-f@,u)
< (g™ ﬁa (9, V) (g, V')

= (@7 2 Xe(g) K (9

To S

/&/"Z_ 7(’.@)?('(3)‘ {l r‘#ﬁzw’
& ®) oHevini

STPs

a&‘m[(#oma(ubu))&l ) ii’ tre

Recald — Shwur’s  Jemmar,
dom (HOM5.CV:U')>= gl ANVENT
o

oflevin'se.

Representation Theory Page 6



STP~ G
Ir (Hom.:(u'/U)> = Homg (ViV) {

To Show * T 7o ghaw <
Homg (v, v) € Home (v',0) Houg- (V' v) € Homg (U/U)

et $ & Homge (V') )€ ,Let + & Homg (Y U)
So @)(u)‘ @(u) jL“(Cv)]"( )
P S gLpw) T = $(g) 7os)mw gcp()(u)-
g[¢(u)] = 9 P> () | 90)¢) =9 (49"
G- Invewr lem—l'/) \8[3_, ?bﬁb gﬁ\/) ) d@h’“ﬁm *\?(9"(*( (L/ ) )>
ST DX ACD - (gg) ¢ )
= ¢ (gv) = ()

So  mow we  Adme haon oo

Fivst Ortﬁovqonaﬁ‘fu{ re(ativn

det (Wn) and (v', 17") de o imeduccble represeyrtoripn S 0#@_
Then

1 = = (a\ - [ ¥ o= 7
=2 Xe (9) Awlg) =
&) geé j v {O oterins2,

Representation Theory Page 7



Representation Theory Page 8



