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Mixed
. geometry -

IH 't

X space ,

scheme→ Vector space / abelian gp

mixed Geometry → Ultimately give a motive
" Basic theory

"

perverse sheaves , D -modules

Put some extra structure
what we get on a point is

" the extra structure
"

.

Q ; what is the extra structure ?

A :

Instead of v. space ,
we put rept . of a. group .

.

.

Classical point of view , G = Galois group

HF
, F finite field , G =E= Gal CFIF?

F local field ,

Q
.

Gala OTP (④p) ← structure of this

group.



Work over Q ②
The coin plex version of mixed Hodge structures .

✓ space U
,

two filtration W
. F F

.

T T P
> increasing decreasing

( Induced filtration F- & I
-

are complimentary on Grwn V
ie : FP In

-P
= gown ✓

v -

induced filtrations

A vector space

✓ = ⑦ Vl?
G

,
N : VPP→⑦ Va ' ' linear map .

acp

¥g° : Wu = ⑦ up. q
6<8

PTFEU

FP=expcN ) ( a④zpV"b) FE expo- N) ( ⑦ Vaio)
> 67g .



Second description : ③

MHS ⇒ Rep V Xl Gm x Gm

9

Lie CV ) = { da ,
o la ,

s }
Solvable

GZ

Gal TQp/Qp ) is solvable
Note : whom dim of Gal CQTPIQP) is 2 . } analogy

Cohan
,
dim of MHS is 1

.

Iud¥m×¢m (X ) is in decompose: 66 pro - projective .

Claim "?
Any sub bundle of a p. pnj is proj ?
. def

Hazel Nf) = Extras ( ECS,
M) only non - zero

NHS in degrees o & I
.



X pt smooth ( proper) ④

RHF.fm/fx*qfD , M) = RHomµµµ ( idol , #*M)

f smooth
.

⇒ f- *Q lo) is of weight 0 .

Hd ( field) = O
,

unless D= dim CX?

Ox * weight D= dim X E- d]
,

RIK : DR: MHM , → PCX)

M ↳ Dj ①BE dim X ]

Comment
-

"

Gufang explained : how to get a graded enhancement of Oo
from the mixed story .

It's NOT straightforward !



Jantzen Conjecture ⑤
.

We consider category O or O
'

.

We write T for the - of the Cheval ly involution .

For an Sls- triple .

T CXa) = ya
T C Ya ) = Xa

Tc ha ) = ha

14=14,2 Verma module of h .
w th

.

To construct MV
,
we duabize the weight spaces of Moe let @ act on M?

by @ f)a) = focus v )
.

Let Ut be the h
.
w vector for M ,

Ut h
.
w vector for W .

Et VI) =/
.

We get a natural map In. M→ at

it, hot .



If we go to geometry , ji
.
j* ⑥

The I gives US a contragreatest pairing .

C : M ④ M → a

sit .. C ( UU , v ' ) = Ccu, TCU) V
' ) by

CC V
,
ul ) -- ICV ) cu ')

.

Notethat :
←

Call them M.IT
.

the underlying vector spaces of Mae MI can be identified for

various TL
,

as these modules are just abstractly Ellen -) Vt
Ia: M → 1W

. REG?
This map can have zeros.

Intertwining Operators

Rink : Some people like it to have poles .



KL : they fix a .

Want to understand how the standard modules a ⑦
Irreducibles are related . at 12

.

Jantzen : Lookat the neighborhood at a ! ! !
Similar to looking at Ftp t> QpZZp .

⑨
.

Let's consider two f. d vector spaces E & F.
A- Geeta]

K - acct ))

It : A ET A f- g-
Free A-mod of rank n.

I to sit :

get an isom .

We have a basis of A F EM 's - . . .mn]

sit: { tf
,

'm
,
,

.
. .

,

tdnmn } is a basis of A E
.

dildzl - - ' ldn .

II

mi mi



Can define descending filtrations Fu
,

Eu
,
sit .

.

⑧

A EE CME Idi TV }

} filtration
son

F&E

A④aF= Limit die - V}

EYE" ' e F-Yf- rtl

M t' Em Icm)
at o

.


