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FromTing's talk

E- principal block
Oom" Fact : ① Oom" is koszal
I ② Self dual

.

Oo

Goal : prove ① via mixed geometry

Idea:

Oo = Per ,v(%) = Perp C%)

Xpu Re finite extension of K
.

( ? ) motivic Q- sheaves on xpu→
MHM (Xa)

→ pent CXFP) .
v

ly → HE Ye
,
Q) with Hodge structure .

H*CYEp , Qe) 9 Fr.



Review of MHM
- -

:

References . Schell notes 2014
- Peters - Steen brink 2008

Take X= pt

Def : Hla vector space

pure Hodge structure of wt n : FP He finite decreasing filtration
.

Sit : ftp.qptq-ht I FPH A Foot = O

FPH ④ FIH = H
.

A mixed Hodge Str :
- W

. H finite increasing defined IQ .

• FPH ¢ St : grYH with F
'

: pure of wt n
.

Rule : Don't heed the Q - structure in reps theory



A variation of milden Hodge module .

pure

is a locally constant sheaf 7-b of Q - vector spaces
• wt filtration ( increasing)
• Hodge filtration FC O×=V

sit : ① each pt get a pure structure
.

② globally y CFPO ) → FP-' V④Axl
.

Amidgee .

• Underlying perverse sheaf K = NCM)
M CM

.
W

,
KQ)

. µ underlying R- mod , filtered
.

- W
. Weight filtration .

Sit : .
each strata get UNH

• admissibility .



EYE : • X non- singular dinner

Wx pure Hodge nodule of when

w×9 Dx ( D-mod Str)

F-h=W×
,

F- n - 1=0 .

Underlying Perverse sheaf ④
*
In]

.

• f : X→Y f*W× OCD - polarization
. No

Dimagethm : €! !
.

Fitment
.

If X e Yare smooth ,
f is projective .
-

then
. 7EiCf*W× ) pure of weight htt .

e : W
,
→ Wx 613223

• K , yf→f*W× tliffwxci )
.Pointwise : C , of OCD of Hodge modules.

⇐

H4Xy , kob ).



• If I mixed Hodge mod .

Hi ( X, NII) has a Hodge structure .

• In general , F' I , Fs .

Ext ( NC FD OCFas) carries a Hodge structure.
7E×= Cat . of mixed Hodge modules IX.

• I a spectral sequence : 06J in FE = Cat
. of mixed structure.

6

EPEE HEE't (Ext? cnn.ve#zD=7ExtjexCFbFe) ,
i

where : Hyatt) --Ext ( Q , F )
in Ha

Ha
,

degenerate at Ea - page .



In particular,
get a shunt exact sequence. .

• → H 're
, Homi > → Ext' C ) → III. Ext 'd D -20.

Hx
open
NEZ↳X closed
IT irreducible

.

4 pure
Every variation of Hodge module on U of wt = W extends uniquely to a pure HodgeN

ofwtw on X with strict support = Z

Underlay perverse sheaf= IC
.

Example :

Vx @*
D= d- E- dz

exp a,
I

T= monodromy of T = expC-ziti a)

}→ get N=bgT= - ziti a C- End (V) C l?
¥



N : GSD → End CV)
① Compatible with the Hodge structure.

② % :
N= central character of vlog?

eigenvalues of N= 0.

Example-
-

'

'

E→
E reduced

to 8 NCD

f : A→a function

¥'s "a* qq.Y.fycgfyet-rx-iaceog.IQ
topologically .



At § ex Va : At -770 some map.
-

I Tt * Eat
1- or

o t 9 ①*
.

f- monodromy .

I :*,¢( log E) = relative log dekhamaampeex,-6
orders pole along E .

= cokerffkekclogojari-acwgEJ-zrzkog.tt )
short exact seq :

o-sfEE.cbgolxi-naclogEJ-siacbgEJ-srzfa.bg ) -20
Thin : fiber

• ✓ GM

RGf*D°a,kCbgE)⑨ § Resow) Glucouneatioh .



f- bog CT ) = -ziti Resort?

• Filter by N -0 Weight filtration .

Rmd : In the def . of pure Hodge module of wt -- n
M is pure of wt n
⇒

grene 4pm) f locally define wt - n-HL
.

• Sloeorcsitthm :
7- Hodge structure with this weight filtration .

Want to find Oom "? :
*
Go

Read : A Ai Ao semi - simple '

g
in isindegm ,irreducible

Kosei. far .
N pure wit-- min MG Ao ?

ext C M . N) =D unless i -_ m-h
.



X = 03 F e -_ closed orbit

The irreducible

T C- Dere B?
Pe prog . cover.

( grated lifting
to the

MHM x)

~ ~

Pe-⇒ he je : ( will be proj.in MH Mx)
.

⑥yq = the smallest abelian sub of MHM× containing joely ?
Use : • Each irreducibles

.

-17 Hodge structure.
⇒5
"

.

Thnx : Type is koszul . La IC sheaf on a orbit labelled by d.

Ingredients : Irr Epg all of the form {Tacna } ,

wtCLT ) ch ) = ha -2h
.

•
' PEW Extqec Taca) , Tpc 6,7=0 ,

unless i-_ ha -hp -25126.



§xeT

⇐t¥pecTTE"7 .

Ncta ) - La! Ext Haytham , Lpc Gi)
b

Ext
" ( La

, hp ) & HIC C Ext
'
( La Lpl)

11 ②
0

Suffices to show : ① is iuj .

Pf - f- ② Vanishing ⑨ Vanishing .

-#

Hmd "

Ext
't
cha

, Lp , go ,

# j -hath odd

④ *ne) even



PI "
. His Hick ,

Ya ? Vanishes if i tha odd .

I . Q f- i -1¥) even .

XIX

• Extra
, LJ) ⇐ Homclticx, ET ), HII.LT!

FA



Oct 22,2020

ftufang Zhao .

Def- '

'

• A mixed category is an Artinian IN

with :

w .

. Irr 1h→K

St : Ext
' ( M

,
N 2=0

,
if WCM) E w CN)

• An object is called pure ofwt If . all irv. components have wt =L .

Comment : pure obj s are all semisimple .

Example : A= ① Ai f. dim
. Ao is semisimple .⇒o

nad CAH A> o
.

A- mof = graded f. G modules . ← is an example .

forgetful Iv

A - Mof - ungraded f g modules d- not an example .



A simple mod is amodule over Ao .

& sitting on a deg# weight .
of the module

.

Lemen : LE M any obj .
↳ has a unique increasing filtration .

W
.

grY.CL ) pure of wt -- Z .

•Tate twist
.

( of deg d) .
< d > : 14 → at auto -equivalence.

141-3 Meds
.

S't "
µ is irreducible .

w dyed>)= WCM) t d .

Defy : f = Artinian
.

④ - cat with f. dim Hom 's
.

)U= Mixed cat. with deg d Tate twist .



A degrading functor: CO
,
E )

• rt : IU→ 8 exact faithful

sending semisimple> to semisimple?
o

• Me→ q
<d> / ④ e

tho
consider: w:M→ -6

a) IWM IS→Iwf
,

Cee anyirr.in G comes from irr CM)
)

6) HM , N E th
.

c' Ez
.

Qu?N : ④ Extfuuu.wsnd >)
"Ek

. I, Sy isom
.

Ext'T COM ,
NN)



at : it sends irreducible to irreducible
,

& Irr calked >→ Irn CG?

6' ) v sends ftndecoup.) to decamp) , & Ind Projet#dy Es IndProjetprig . pry .

Lemme:D a) # b) ⇒ al ) & 61)
.

② If G has enough prog .
& ELE IWC 8)

,
Endor)=Q

.

then : a) & G ) L⇒ a ') & 64
.

Deft : A grading on G is a triple
( IU

,
D

,
e ) satisfies a) & 6)

.

sketchof-hepf.o.fr the Lemma
,

s

.

For ①
: Choose M -↳ be projs . .

:

For ② : using prog resolution



Example .

-
-

.

H = the cat . of mixed Hodge structures

obj : Vector spaces He .

T !
H E HE
weight filtration .W.

C increasing)
- F

.

: decreasing .

There willbe interesting ,
° Polarization : bilinear form -

Ext Otp
)

degrading functor.

F.I mixedHodge mods on X.

U
: MHMx → Perk

.

Tyto will be V life to MHM
.

~

Pe prog .
cover

. Pe
X -- B t wi
u I
e closed orbit the simple perverse Le



Open i= the smallest abelian cat

contains Jeff ) .
M

MHMX
.

Tim Type is koszul .

Eixample : ExI¥ Ca)
,
④ Cod)

O→QCO) →LIT ④Ca ) -20
.

Compatible with all filtration s
.

Leta .
A B
l l l l

L E 0kcal ④ Co ) underlying vector space .

Wt
. filtration : Wo b = * by Hodge filtration ,

{ F -L I F%nA= FPA
Q d

'

app,
= EPB

}/n
WzahE

.

b
'

{Lol ,¥j§ a {FL }
, only changes F ?



⇒
Ext'm ( QCG ) Okla) ) = %

.

(thisQuill gives
"

~

"?

Thd : Jpg is koszal wt
Tach) - ha-2h

~
Wantto show

Need to show : Extra! Taca) , Lpcb 17=0.gs

y
tf EF ha - hp -za-126 .

# Extent,m×C Talal , LICH )
su!Yn¥ µ spectral sequence .

Ext? (La Le ) ←
⇒ Homie (und , Ext:{Local .de#D)

P,eYx 3 J Q Eai -2642A

Go \ perf
,

La
, Lp?

gives the wt zero

¥a part of Ext . . )
,

TLe⇒: this wt zero part
- isZero

.



Thin : Jpg -560 isa grading .

Cer : Ext CLI , Epsn>) E Ext ( La
, Lp ? (this iscogdition)

.J inj this implies #
Ext'Ll Ta . Tp )

Hemmed
,

the weight zero part is zero :-

:

Ext ( La
, Lp ) = {

0 if J - hat hp is odd

④ ④ (than) if y - natnp even.



Thin : Type -5 Oo
is a degrading .

# "

End e) = C aoinraicatalg . EnpdGIKEIYoadsgeas.ir?
*
Sym Cg ) LOW symbols )

Soergel : za -> VI. ④oPe=Id

Example : sea
.

IT ↳ Voice ) ④JI -- II

C=Cz=QlE3/q2 A Q
,
E acts by zero

.

Ee=PI
,

and IT ④ a
T




