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lo) category O has enough projective ,

ie
,
tf MEO 3- proj PEO and epimorphism :p

→ M

{Indecomposable projsin o }/± = { pas lathi)

Pa) : proj coverof La) (Muy Puy→ Mca) → La)

Tim dEh*

1) Mld) = PH) ⇐ x is dominant

(⇒ maximal in Way
.
d)

2) MIN = Lily ⇒ dis anti-dominant

sketch of pf
-

D
' ' ⇐ " ,

' Mld)
y,

can assume M
,
NEO,

← t

M →s N
t

m is a maximal vector

→ n
m b/c X is dom

.

" ⇒ " BEG reciprocity

( Pla) : Mcu)) = [Mth) : UN] = dan

if d not dom F L St Atp, Is C- Z' °

⇒ Sa
.
X = Sainte) - p = Atp - cxtp,I> x-p



-

- X - cap.NL > d ④

[ Ncsa
.
X) : LIN) to

(Tha Let d ,UEh*

(a) ( Verma) If U is strongly linked to X

then Mlk) ↳ Mix)
,
in particular

[MIX) i UND FO

(b) ( BEG) If [MIN : Uni) to , then

this strongly linked to X
.

[ MIX if U=X or 2x > o St

N=Sa . X CX .
More generally , this strongly

linked to X if

A- (Sa . -
- Sarl . XT Ga -

- Sar) .XT - - - Tsar.AM)



⑤ 14
' '

E " MIN has a unique simplesubmodule) NEX U -- W. d some WENCH
.

" ⇒
'I 7hm ( Verma)

dEh* a > O Mi -- Sad EX

Then I embedding Mcu) CMX) Eas in above)

D

Idea of enough projective
#¥mpaominant n >so

⇒ Mcu) projective dim Lcn <WE MEN

⇒ p= Mcu) ④ Unp) projective

⇒ P has a quotient ± MIU-hp) - Ma)

⇒ MIX ) & Lcd) is the quotient of a prog
'

mod .

Proceed by induction on length .

D



④

Thm_ Every projective in O has a standard

filtration . i.e
.

sub quotients are Verma mods

PI PH) direct summand of MCU) ④L

some U dominant
,
dim Las

Mcu ) ⑤ L has stdfikr . (with quotients

iso to MIAMI
,
each occurring dimly

times
,
U ranges over wts ofM)

(MINI ④L IUS) ( Ex ④L)
B

Intrinsic characterization of objects admitting stdfiltr .

For ME 0
,
TFAE :

Ca) M admits a standard filtration

( b) Ext (M , Muy) = o tu & i > o

(c) Ext'o IM, MUY) = O tu
\



④

Thin CBGG reciprocity)

Let d
,
NE ht . Then

(Pk) : MIND = [MCU) : UN] = [MINH. UNI

PI i) If MEO has standard filtration,

then ( Mi MIN) = dim Homo CM,MAY)

Argue by induction on filtr . length

o→ N → M → Mcu) → o

O → Hom (Mlu) , MINT → Hom IM, MINT → Hom CN
,
MINT

70

→ Ext
'
(Meat, Miyu) → - - -

2) ME 0 dim Hom (PK) , M) =[Milky)

by induction on length of M

both side additive in M p

( PLN , Mlu)) = dim Hom (Md)
, MCMY) = [Mink UN)



⑧

Translationfundors

It : O → O

M t Prachi)④!Pr×Ml)

U-DEA ft ) -_ At A WIN-a) can compatible)

Pra : U → Ox,

• Tt is exact , commutes with duality

functor, takes projectiles to projectiles .

• It is left and right adjoint
↳ Tei

• d ,U dominant integral

Tan : Ox → Ou Tei : on → on

mutually quasi- inverse equivalences

• U dominant integral

T-9 (MC-Pl) I pcwo.ee)



④

3) PIX) I PLAY ES d is antidominant

A antidominant . Any standard filth . of pix)

involves each Mewed) with W C-Way

precisely once as a quotient

BEG reciprocity ⇒ [ Mlw .X) : LIN) =L two-Way

-

Remark on exts :
e -g .

G -- Sek,

N : 2-dime ucbl -mod
EN - o h : ( odd)

O → MIN → M -0181¥,
N → Mld) → o MIO

(Ext#MCN , Mlk)) = o , more generally , M

h.w.tn of hw U , d 4N Ext b CMN , M) = 0

Any s.es o →MIE Es Ma) → o in O splits)



④

Principal block
-

Oo = Oxo Irr Oo
EW

LCW.co) ⇐ W o regular dom .

Wo . O =
-ZP regular

Example Slz
antidom

.

Do , five indecomposable modules most

Oo 's

Pco) = Mco) , Lto)
,

MIO)
"

are

of

Mf-2) = Ll-2) EMILY wild

type
pfz) E MH) ⑤UL) E PH)

"

(inf . many
O → Mio) → PC-2) → All-2) → O indecomps

can not

0 → Mfz) → plz) → Mio)V → o
be para .

in a

O → MC-21 → Mio) → ( co) → o reasonable

0 → Lio) → Mccoy → Me-2) → o
way)

Exercise ZEZCG) 2- lpfz, to 2-417-4=0.



Brylinski - Kashiwarat Beilinson - Bernstein ④
-

O! : i) f. g vis) -mod

consists g locally Ucb) - finite
* M

z) IM -0 I -491101518)
i. e
, zig) acts with trivial central char

.

h -action not necessarily as .

(closed under sub mod, quotient, not closed under extension)

f- GIB localisation (Cf Peter, Dougal)
o! = in

'

Pal%)
11

{ r. h . Ox -modules ( Paz, B))
whose char varieties

Gergel SH cw¥wTxiix ) * 413 Stl
Xw=BwBy

B

Oo I PBl%)
( monodromic D-modules)

f.heaves Oo
'
noo -7331413)

MCW . o) Uw
.
o) MCW . o)

"
E Oo

'
& Oo



Oo → Part %) ④

MCW
.
o) t j : Clxwwot)

Mlw. o)
"

t j-xdxww.FI

LCW
.
o) t ICXww.CI

In particular

Leo) -- trivial module ⇒ Icxwo

Mlwo
.
o) I Uwo . o) Elmwood

"

its skyscraper

big proj Pavo . o) ⇐ ?

As what does PC-2 ) correspond to ?

"Yczaz> o¥c
Nearby cycles .



koszul self- duality of Oo ④

#jective generator
Let P = wtowkw.co) of Oo , i. e, proj . obj

Morita theory
surfeiting to each simple)

~ fg
=

⇒ Homo ( P, -1 : Oo → mod - Endocp)

Let L= whew . o)

Thin ( Soergel
'

go)

There exists an isomorphism of

finite dimensional Q - algebras

Endo CP) EExtok.4-tOExtiok.LIi20

(ring .- cap product)

Moreover
,
Extolled) is a trig .

( noncanonical isom . ) A=¥oAJidAo semisimple
2)Ao Casa graded left A-mod) admits

a graded proj . res
. - →P'→ . - → pox>Ao

s't pi -_ Api



④

Selfduality
A, is f.g

A- =
.

Ai kftfinitekoszul ring / asiefmtod )Ao -

⇒ ECA) :
= Ext in CAO, Ao) is also left

finite Kosal ring & ECEIAD =A .

( ECA) is formal )

Let A -- Ext ; CL, L) E Endo CP)

under modt 'S-A Es Oo

Ao ⇒ L

⇒ Exton (Ao ,Ao) = Extol 44

Ze
.
ECA) = A

( Bezrukavnikov 's lemma ⇒ A is koszul )

(BES) :

"

correct proof
"

: using mixed geometry .



Idea of proof of Gergel 's
theorem ④
-

Let R=SCh*) & C- Rkpiy,

1) Endo ( Pluto .?)
E C #g) → Endolpcwo.at/

2) Gergel 's IV - functor

N -- Homo ( pcwo.cl ,
-) : Uo → C-mod

3) lvlprojcoo) is fully faithful

( Another proof via geometry . [BBM] Tilting
exercises

NETL : A
-

- Pervez, 1413) → do = %>o
www.ol) A > o : Serre subcat generated
= { Q w --Wo

by Icxw w # i
0 otherwise

Radon Rw! = Pk ! Pri u two -- Gcxixxw)
transf : Pri Mx

W (Mcw.cl/EQV-w



Rw:(Tw ) = Pwwo Torino ETL
④

tilting Iftilting fully faithful)

In tilting i t w
,
jutsu , jwlk are

perverse sheaves on Xw jwiXw↳X

Supp Tw -- XT jiiiw -_ EC )

Ty , fully faithful (Mcw.o,) Uwo
.
01

Lemmy The sock of Mw is Se

cosode of ME
)

A abelian cat Bcd Serre subcat

+B := { AEA : Hom CA , x) =o HEB)

Bti = { AEA , Homcx
, A) =o AXED)

⇒ if AETB BE Bt , then

Homs IAB) = Homey, CA, B)



Lemma ⇒ Mw EASE MY ETA>o ④

⇒ T c '
-A >o n Ast D

4) IH
'

: semisimple ( Egg) → H' CEB) -mod

¥
is fully faithful

( India, C' Homo CEx.FI#ticFycaf.Gufang
's talk)

5) Semisimple ( khz) btw

Litt
. 2ammutes

Igel

Projloo) Is C -mod by W

WCPCW .
o )) = IH

'

(Icyw)
WCP) HECPimlx.DK

I

Tls : GTB → Fps SES
kazhdan - Lustig

conjecture .

Hilts# F) = C Hitt)

Wo Ost C WI -I



W
-

- S ,
- - - Sr reduced expression

⑧

TlsFTlsr* .

- - Tls? Is ,* Icx , f- identity
in w

I IC×wH④ lower terms

Qsro -
-
- -

o Qs
,
( plot)

= Pcw .
o) ④qwPCY.co/OMYWCPcoDEItiCICx

,
) ± a ltnvial C-mod : Image

b. CITE ITS * F) = htF) (Tst) of Rtactsbyo)

bluffs Pl) = BCNCPDCSH)

Qs : Wall - crossing functors choose U integral sit

UE closure p -shifted dominant Weyl chamber

U C- Has Uf Ha aids ( stabcw.tk/=h.s3)

define Qs = Tiro Toa

o→ Mw → Os Mw → Mus → o if his >w Mw --Mw.o)
o → Nws → Qs Mw → Mw → o if wscw



Example Sez
④

Oo = { representations of quiver .¥ .
St ef=o )

Mo
M t'

e'Ttt
M-2

Mco) MCO)
"

µ
Vo EU , -_ O Uo EUFUO

e. u,kffUo=u, ecu ,kf fUo=o

Leo) MC-2) = LC-2)
• Vo E o O

et tf ee If
•

O
0 Up

PC-2)
e f ev, -- Vo fUo=Uz

• Ui, Vz eUz=o



dim Homo (plot , Plot) = dim Homo (Plot, PC-21)
⑤

= dim Homo CPC-4, Pcos) = I

dim Endo ( Pfa) = 2

Endolptz# ICHI Ec ( Recall ZEUS))R2 2-2=0

dim Hom 1401 , Uol) = dim Hom (Ll-21,4-21) = I

dim Ext
' (Uo), Ltu) --dim Ext

' (4-21,401)=1

dim Ext4401,4011=1

koszul duality
-

Tim A : Kosal ring , it A f. g as Ao
- mod

( both left & right) 2) ECA) right noetherian
.

Let A
!
= ECA) OPP

There is an equivalence of triangulated

categories



( kdoukaY.tt
,
K : Db CA - gmodtj → DHA ! - gmodtg

④

functor) s.tk (mens) = ( km)EhKn) canonically .

etc

k : simple → proj inj → simple

Let Oom'×= A -gmodts

Corollary There exists an equivalence

of triangulated
categories over

a

k i Dbcoomi'T → Dbcoomix,

and there exist lifts of simple,

standard, project
've modules St .

-

~ (A-AOP)
UK . o) '→ pckwi:o)

~
n

Mbe . OY ↳ Mixwo:o) etc

⇒ Explain
"

strange formula
"

[Mlk . o), 49.0) ] = { dim Ext
'
'

( M (wok . 01, LCWOY.


