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"basic" 19708

Def The BGG category O is the

full subcategory of US) - modules

consisting of modules M s-t

( D finitely generated Ucg) -mod

(z) h - semisimple , i.e .

, M=¥h*Mx

(3) locally n - finite :

t V EM dim Urdu cos



②
Properties of cat O :
-

1) all finite dime Ust-mods lie in 0

2) F MEO dim Macs kith
"

wt of M cus { di - INE't
E-I

3) O is a noetherian cat, i, e .

each M EO

is a noetherian Ucg)-mod [ Ucg) Noetherian]

4) O is closed under submodules , quotients,

finite direct sums (not closed under

extensions)

b- I O is an abelian cat

6) MEO ⇒ M is 2181 - finite ,

tuEM dim span { ZVI ZENG ) ) cos

7) MEO ⇒ M f. g as Uch-J -mod



Examples of modules in O ③
-

Highest wt module of wt d : M
-

- Ucg) Vt

for some maximal vector Vt E Ma .

--

wt vector & RtVI o

M has a unique Max submodule f- sum of

all proper submodules) and
a unique simple

quotient , M is indecomposable , dim Endo MH .

Vermamodale_ (universal h -w . m)

Muy = 0191 ⇐

Uk) : unique simple quotient of Mla)

More properties of O
-

(8) { irreducible Cup to iso in O } = { LWHEh*)

dim Homo ( LIN , UND = Due



Central character ④
-

t 2- C- 2-( g) 2- acts on a hw :m of hw

dEh* by a scalar Xx

→ Xx : zig) → a (central char asso .
tox)

theorem (Harish - Chandra)

i) Xx -- Xu C⇒ hand U are linked
,

i. e D= w . U = went - P WEW

2) all central characters X .
- 2cg ) → Q

are of the form Xd for some Ath

Harish - Chandra homomorphism .

-

8 : 2cg) Uch)
(wit

± echxycwi
)

Z = ht h h C-Uch) NEWS) Rt

Hz) = h Xx CZ) = XLHZI)



Twisted Harish -Chandra homomorphism
⑤

-

4 : 2cg) schlw ± achtyw

412-744=812) (X-p)

⇒ Xx A) = Cdt f) ( 4AD

Examples Slz E- eftfethz
Hz) = # th Hz) = ¥

.

Rink It is better to think of has

the universal Cartan . The maps 8,4

does not depend on choice of b=t①h

via h = % It .

Note For MEO Zig ) acts via generalised
central character in general .



Let A =fnEh*l LU ,xD EZ tato ) ⑥

At -- { outfit cure> EZZO tato}

Thin ( finite dime modules)

1) dim LIN LO ES DE l't

⇒ dim Lulu = dim LINwu tutti WEW

2) (BEG resolution )

heat ⇒ there is a resolution

M
.

→ LIX) M
-k
= ④ Mcw. x)
WEW

ecwkk

In particular, Max sub mod NH) of Mld)
= ④ M Csi

.

X)
Lito

3) (Weyl char formula)

REIT ⇒ ch La) = few till
'm
ecw

. d)
-

Ew C-yeah ecw .
o)



Duality in O ⑦
-

Fix Kat Sa Ya C- G- a xEE+

St LEO ha = Ckx , Ya] xChx1=2

Anti- involution Te : 9. → g

Kats Ya Yatsko hatha

[ I -_ transpose for Sen
,

- E : Cheval ley inv)

I extends canonically to an anti-anton

of Uls)

M weight module M = Ma

Define ME ME with twisted action of 0cg)

(xftcv) = f- ( Teemu) KENG)

(Note this is not the usual dual module

e.g . KEN LIN
"
I LC-won) ca.fkuI= - Starr)

UN
'
= La) )



The D M to ⇒ WE 0
⑧

The duality functor Mrs Mu induces a

self- equivalence on cat 6 : its square

is naturally equivalent to the identity functor

2) d
, u e fi

a) MIN has LIX) as its unique simple

submodule
,
its other comp . factors un) : read .

b) Hom (MIN , MCAT) = a

( MIX) →s Lcd) ↳ MINT

c) Hom ( MIN
, MINT) = o Atte

d ) Ext
'

o (Ma) , Matt = o

e) UN = LIN
'

f) Ext'o Car , N ) = Exto
'

(NY MY



Example g-- sea, dtsdp ifitltv
⑨

t

d d d-2 At d-4×-2 Oe d-It,
d-21
'

h
e
h
e

h e d e
h

Ma) e a
← ←

a
←

•

← A
u ,O

←
Uo U , U2. Vz

④ VIT VI '

tf

✓ I ↳
the ↳

f f f f

1 2 3 Etl

MH) is simple d # IN
,
DEIN dim Uncas

REIN ⇒ o → MI-d-2) → MIX) → Ud)
→ o

d d-2 ay
-d2 dei Itt

h e

'
h et es n e

mate u¥u¥%¥ a ←* a
← . • Vii Ui Vii
°

↳ → it
un
X Y

f f f of f
t

a d- I d-2 if
d-TH

KEIN

NEIN ⇒ o → un) → MIX)
"
→ mix-25→ O

MIRY is not a hint m if XEIN

Exercise D Ma) ⑤ Min) fo (
"oientsun,)

2) check MINE Mla) DERE- I



Blocks of category O ④
-

Det ith is

y anti dominant if 4thDIEZ
"
Hae't

'

2) dominant if Cathay 420 HEE
'

3) regular if cdtp,I> to ta EE i
-e

. lw.tl Hw.
I

Define Wc, i
= { WE W/ Wd -XEZE}

DEA lie .

. integral) ⇒ Way -_ W

Hh
"
is antidominant ⇐ dsw.dV-WEWc.is

There is a unique antidominant weight
in Way .

X

theorem category O decomposes as

D= ④ Ox,
de

wi,

where Ox c O full subcat consists of lust M=M×

MX : = { u EMI t 2- C-2cg) In St CZ- X
"
a-o) .

i -e
.

, Zig) acts via generalised char X .



④

Rink

1) If d is integral , Ox, is a block of O

2) If CAN> Etz ta ( W .
X both dominant

and antidominant twew) , then Ox, semisimple

( Pla) = Liu) -

- Miu) t NEW.d)

3) Ox- p
= { f.d vector spaces ) w

.
= - p twew

4) Blocks of O {antidominant wts)

Ox as A antidominant

Ox : subcategories consisting of modules whose

comp . factors all have weights linked to

X lantidominant ) by Way .

Ox
,
=

④ ON
NEW.d

X' antidominant



More properties of O
④

-

9) O is Artinian , i.e . every MEO

is Artinian ⇒ Each MEO has composition series
.

tdeaofproof
Induction on dimucn) V ↳ span {u. .

. - un ) Ui generating
wt vectors

⇒ f
-MEU a finite filtration

OCM
, cuz

C -
- cMn=M St Miyu,

is h - W . m

⇒ enough to check Mla) has finite length

Thin ⇒ The only possible irreducible sub quotients

are LCW
. d) dim Mld)w . × co

D


