
①

Ssl k local field for algebraic number field)

classical simply connected simple algebraic
x

k - 9ps .

( absolute almost)

Type 'An G = Slm CD)

Di central division algebra ( central skew field)

over K of index d

h=md - I

{ RE Mm CD) I Nrdlae) -- I }

Type
'An G -- sunt , 14ft

L : quadratic extension of K

fi nondegenerate form on L
""

Hermitian relative to 6 C- Gall4k)
non-trivial .



[ Over a local field there is no skew ②

field of index d > I having an involution

of second kind ]

f-Chi , - - xn ; y"
-

- yn) = a ,
60419 , t

- - t Annan)Yn

a- Ek
.

Type Cm :

i) G -- spam ( K , f) f : non-degenerate

alternating form on k g*=cqI)

ii) G = Sum CD
, f) ={9EGLm I 9*79=9

NrdMmc%(9kt)
D quaternion div alg l K

f*=f

f :
'

nondegenerate Hermitian form
#

(relative to the standard involution on D)

on an M - dime space W over D

f- (24, . - Xn ,- y" . - yn) = TCU) a. Y , t - - t Ican)anyn

ai Ek
.



Type Bn ③

universal cover of Santi ( K, f) i spinznilf)

f- i symmetric non-deg bilinear form on k

Type Dn

spinznck.FI fi symmetric
non-deg bilinear form on K

universal cover of

Sun CD, f)

D quaternion div alg l K

f :
'

nondegenerate skew - Hermitian form

(relative to the standard involution on D)

on an n - dime space W over D

( Discriminant =/ 1- Dn

f- I
' Dn )



§2 Classifying bilinear forms
④
-

ki finite Galois Ik Gall = Tk

{ k- vector spaces) E { K- vector spaces
with semi- linear action of The }

V t Uk -- V K

VTK ←I V

semitinearaition 7k → Autktinearlv)

Hcv ) = 5k) ru SEK CEK
UEV

Vo : k - vector space

Goi Vo No → k bilinear form

( Vo , too) k ext by scalars

ACH = Autlcvo, look)

Li (Volk → (Volk K - linear

St Kolk Cav
,
aw) = Gotta, w) KYW

C-Idk
C- ok



⑤

Thin H' Ifk, ACH) classifies isom classes

of IV. 4) over k St ( V, KE No
, K

PI f : ( Vo, 401k → ( V, k isom

AE # of
Conversely if Cao) is a 1- cocyde

Let Vok = k④k Vo

Define T - action on (Volk via

6k = as -6k GET VECVOIK

Then read = as .

= old ox

ELK = Are 5TH
•( Tx) = Ao . 6 (Tx) =ao . Hae Tse)

= aosraz 61224



Let VE { KEVOK ( ok -_ K)
⑥

Then k¥4 = Vote x. gets

⇒ look ( ok , 9) = oloicarrk, as 69)

= look ( 67409) = lookin, Y)

= 640k Cay)
⇒ lookin.y) Ek D

Pape tu H' ( Tk
,
GLNIH) =L .

PI Gluck) -- Aut ( kn)
Kek"

isom classes of

⇒ H' Kk , Eknlkll classifies k
-vector

spares V s-t v Kek
" ⇒ VEK"

.

D

prod th H' ( T, Slnlkl) =L .

II we have

↳ slack) → Gluck) KEK
"
→ I



⇒ I → stalk) → GLNCK) # k" → H' IT
,
SLNIKH

⑦

I

→ H ' a-Lucky
surj

⇒ v .

Prod for nondeg . alternating bilinear form

on Vo
, Sp associated symplectic gp

H' CT, SPIN) =L .

PI It classifies isom classes of IV,

All nondeg .

bilinear alternating forms are equiv .lk
.

Put The elts of Hick, son
mad " sum D

are in one-to-one Corr with the k-

equiv - classes of those quadratic forms

of degree n over k that have the

same discriminant as Q
.



⑧

§3 classifying the forms of an alg . gp

type finite Galois Tk

Go alg 9.P l k
Ck - homo of k -objects)

ACH = Autkctk)

T PACK) 62=6×5 '

Thin The cohomology set H' ( T, ACH) classifies

the isom classes of algebraic gps
'T Ik

that become iso to Go over K

PI G Ik

f : Gok → Gk isom
.

let ar = f-
' oof

Then Cao) is a 1-aooyole

= f-to Go fo Jo Jo f-to Iofo
-51064

= f-to TL of o E'T
'



⑨

Surjeitirity Ack) = Aut ( OCGok))
① ( Gok) = k④k Otto) Ao = Otto)

A- k Ao

Define new action Thon A via

6 = As 06
a

D= { a c-A Isa -- a)

Then k B → A

Hopf alg structure on A induces Hopf

structure on B



Let Go be an algebraic gp 1k
④

The isom classes ft alg gplk sit

GE = Got are classified
.

by H' LT, ACED .

Write Gad = tyzkt) .

Prof t simply connected s - Sgp G ,
→ Dynkin diag

1- → Gad CE) → Antti → Sym → 1

is an exact sequence .

When G is split , parts trivially on

Sym CD)
,
& the sequence is split,

i. e I subgp of AutklG¥ on which

T arts trivially & maps isom
.

onto Sym .



§4 classical gps & algebras with
④

involution
.

Assume char k -- o

Det A k -algttis central if ZCAKK , simple

if it has no 2 -sided ideals ( except o,A)

If a EA -so} invertible
,
A is division algl

Skew field )

Ptop The isom classes of k - algebras

becoming isom to Mulk) over E are

classified by H' Ck
,
PGLN )

PI All automorphisms of Mulk) are inner .

The inner forms of Sten
-



④

Thin The inner forms of Sten are

the gps .

SLMCD) for Da

division algebra of degree In .

Slm CD ) : R ↳ { a C- Mm CR D) I Nmcattl

PI Inner forms of Sten are classified

by H' Ik , paten) , which also classifies

forms of Muck)

The forms of Mnlk) are 1hm CD)
.

Sten ↳ Mn

D



Algebras with involutions
.

④

Let CA , -4 be a simple algebra with

involution I = ( III Uab) -_ Ecb) Teal)

2. (A) =L k =L
'

a) CAT) is a simple K -algebra with

involution of first kind
,
ie .

IA)=k

and K' =k
.

4
⇒ A EIMNIE)

we can choose 4 sit

I → ( Mnet) , -4 Tecate

or (Malti) , -4 Teal -- J
" FEIT)

b) (AZ) is a simple k- algebra with

involution of second kind
,
then [Lik) -2



A I = CA L ) E = MnlE) ⑦ Mnet) ④

I → ( Mn ⑦ Multi) , -4

Icu, y) -- ( Gt , rt) .

-

CD
,
I ) division algebra with involution I

A- = Mm CD) a- caij) at = ajit)

* : involution on A of same kind as I .

r , A- → A KH F'' W' F

6 is an involution of A

over algebraic closure

6 → U on Mnet)

V has the same type as I if Fis Hermitian

opposite -11 - if Fis skew-Herm .

I : first type if dim k DI = hint ←
over algdosure
X→xt

second type if = NMI the other one
.

2



⑤
The outer forms of Sten
-

¢
order

HPGLNIEI → Anti slat) → Sym D → I

consider

( Mn KK Mulk) , *) ( X. 4) * = ( Yt, Xt)

Automorphisms of (Mn Ik)xMnlk) , *) are

inner ant by elts ( X
,
htt) & compositions

with Cx
, 'D ACY, x)

Consider

txt Sten CEI ↳ Multi ) x Malti ) x Hex ,
'Y

Aut ( Mn #Ix Multi), x ) = Autlslnt)

⇒ forms of stent ⇒forms
,

of Clunky x Multi), x)

{ simple algebra l k

with centre [kik] -2

And involution of second kind)



Using the embedding (x) ,
we see that ④

the form of Sten es CA , *) is

RH GLR) = { .AE/2xOzA/a*a=INmcaH)

A : simple k algebra w/ inv of second kind

& centre a quadratic ext of k

⇒ AI Mm CD) D division alg w/ inv 2

+ of second kind 21Dkk
involution 0

Ok = 2K
Ck : k] ⇒

Oca) -- F #F
' F' = 't k*=HKjiD

Xttkij)



The forms of span
④

-

Consider

(Manik) ,*) X*=sXt5' 5- (II)
txt span CI) ↳ Manik) X t> X

Aut ( spent) = Autumn
CEI, *)

IntlU) commutes with a ⇐ U*U=I
Cover E)

⇐ sutsty = I ⇒ Uts U -- s ⇐ UESPZNE

Forms of span ⇒ forms of ( Manik) ,

(x) identifies span ft) with subgp of Manik)
at a -_ I

⇒ form of span attached to CA , *)

is Rts GLR) -- { a ER A fatal }



where 121A) -- k) ④
A- central simple Ife with involution of firstkind

& CAH) becomes isomorphic to (Man , *)

over fi

Forms of spin Clo)

( V, 4) nondegenerate quadratic space

over k with largest possible Witt index
.

Forms of spin lol) are double covers of

forms of soft)

Mi matrix of 4 relative to V

(Mn Ck) , x) X*= MXTMY

X*X=I ⇐ MXTNTI . X = I

⇐ MXTMT -44 ⇒ XM#=M



Ant ( Mak) , -x) = 904
④

center

⇒ forms of so ⇒ forms

ofduzn.tt/CA-xJGCR)=fatRxQA/a*a--
I }

A central simple / k with involution

of first kind and over E becomes

isomorphic to (Mn
,
*) X*=Mx4u"

M symmetric .



⑧

Props If a central simple alga
over k admits an involution of first

kind , then

A A = Milk) n'= CAN

→ regarded as
PI A APP → Endktin CA) K- vectorspace

C

Thnx If ki alg .
closed

,
finite field

,
CR
,

(Qp & finite exts, Q1 & finite exts
.

the only central dir . alg over k

or a finite ext of k admitting an inv

of first kind
are qrartenion dgs

& the field itself .



Phys If A- is a quaternion alg
④

of center L and has an involution x of

the second kind then

A- E B L where B is a K-algebra

k is the fixed field of X .

* IL = non-trivial K - automorphism .

* ( B = standard involution
.

(conjugation ) .

§ Bilinear form & Hermitian forms
,

discriminants
.

D - davison algebra Xt E involution

✓ = h-dime left vector space over D .

A sesquilinear form on V is

B : Vxv → D

se BAR, ay) =p Blais) I a. BED
.
X. YEV



Bis Hermitian , if Blais)
- Biya) ④

skew Hermitian if Blay) = - Biya)

let him) = Blanc) ← Hermitian lskew H . form
.

Radical (B) = { rev I Blais) -- o Hy EV )

B nondegenerate if RadiB) - o

Discriminant :

( V, Q) VIK Q quadratic form w/ matrix A

detA C- k¥2

Hh) Yp h Hls .tt form w/ matrix A

reduced norm of A E k¥2



Let A be a central simple ④

k -alg w/ inv of first kind

it A- a- Mrlk)

z a EA s-t X*=atXa
" t XEA

a either symmetric or skew-symmetric .

I ↳
type C

type B. D

ii ) A a- Nscc) c quaternion division

algebra

x* = a Ia
" K → I standard inv .

(Nij ) → CGI)

a Hermitian I skew Hermitian

d

Cn
↳
Dn


