
Jal 3012019 K - Vilonen

A global field E is a finite extension of

or the function field FIX ) of a smooth

proj .
carve THE

By a local field 't we mean a finite ext of

Qp ,
Izatt , IR

,
Q

These are locally compact fields associated

to absolute values
. They are complete .

We write Of -

- integers in F (Zp ,
Hefty

in the non - archimedean case

Non - archimedean local fields can be thought of as

a punctured disc
.

Let G be a reductive alggp IF .

Then GIF ) is

a locally apt top . gp .

It has a Haar measure
.

If F is non - arch
.

then GIF ) has a cpct open

subsp GI Of) .

It has a nbhd basis



consisting of apt open swbgps ⇒ GIFT is ②

totally disconnected .

( no differential calc .)

If Farah ⇒ GIF) is a Lie gp .

A complex repn of GIF) is a top .
v. space

V/¢ ( locally convex
,
Hausdorff ,

complete ) together

with a homomorphism

Tl :
GIF) → Auteur ) sit

GIF ) XV → V is continuous
.

For F non - arch , for smooth repns ,
we put discrete

top on Q
.

( thus on V )

" "wiaochiall
a smooth repn admissible if for all

Cpt open k
,

Vk is finite dime

Archi
- H - if for a maximal opt KCGTH

He has each irr . rep of k appearing finitely

many times .



Basic non - arch i Ngo 's course notes ③

Bernstein lectures

Cartier ( Corral is 1977 )

Goat Understand irreducible admissible repns

of GIF ) .

We call a repn cuspid al if it does not

occur as compose factor in parabolic induction

from a proper
Levi .

Non - arch : cuspidors are supercuspidal

or compact cuspidal , i. e. ,
their matrix coeff .

have compact support ( mod center )

The groups GE ) are of type I
.

Catalog )

Thus they have a plancherel thin
.

ECG) -

- f Idu ( spectral theorem)
Eu for operators

→
Irr

.

unitary on Nibert

repns space



If E is number field ④

G reductive IE → GHAE) locally apt

LYGIEHGIHEH = S TI da ( Langlands

Gotten program
)

For p
- adic groups ,

one constructs super cuspidate

repns by compact
induction from repns of apt

open subgps Hu) For Pt Iwl ,
these are

all ffintzen )

we are assuming G splits over a tamely

ramified extension .

To understand
-

1) Basics : repn theory of totally disown
. gps

( e.g .
Ngo 's lectures )

2) what are all reductive gps IF ?

)
Bruh at

what is their structure
- Tits

( Lisa Carbone , rank 2)



iii ) super cuspidor repn ? ⑤

kaletha constructs repns associated to

characters of tori ( for real gps ,

this is how

one thinks about irr .

adm
. repns )

iv ) Relationship to arithmetic ( LLC )

kaletha can do this for his repns .

V) character theory .

-

Galois gps
-

F non - arch
.

F > OF s tf
,

't > ME > - -
-

( Ttt

4't Galois G-- Gall 4ft

Gi = { SEE I
sfoymi

,
=L )

G - I 3 Go 3 G ,
o -

- -
-

( l l l

G I

OE s ai s UI -

- It ME"



Not hard to see ⑥

gr Go ↳ g r OE ⇒ I = Go is solvable

GII = Gal ( Kyne ) K -
-
residue fields

⇒ G solvable
.

0%, = KE U
it ,

= Kc El
.

RMI 1) The lower numbering does not behave well

in quotients .

So have to move to upper numbering

( it is by real numbers )

Now get a filtration of Gal ( Eff)

2) The upper numbering is consistent with

the Moy - Prasad filtration .

In particular it

is compatible with class field theory .

The extension of F aorresp .

to I is Fun
,

Gal Ttmft) = Gal ( Eth
,
)

The Fun we get by adjoining to f all roots of



unity coprime
to IKH ⑦

Ftr
I

← adjoin all Mtp
F- QP quid

¥
,
=Ip* Gael 't 't ) -

- Gta
,

I O

F the action by God ( KIKE) is given by

Fri x → XP
H Ike

,

-34g
,

→ I → a ✓
EYE

,

= ¥
,

2h * E
Y

HIKE
<

-

Grout Let GTF reductive then GE is a

reductive .

These are classified by root datum

TCGE maximal torus ( KMT)
,
¥

,
X*lT )

, EY

we also have G # tf the split gp .

we

use it as a base point .



All F - forms of GE are parametrized by ⑧

H' ( T
,
Ant ( GED F- Gal ETH

.

↳ GED → Anti GE) → out IGE) → I

t
-

-

splits by fixing a pinning .

H 'll , GET → till
,
Aut CGEI ) → H' ( T ,

out CGEH → 1

Fact For non - arch
,
H' ( T

,
GIF) -

- o ( Iff finite
, ok for

all G)

If G s 's
. H 'll? GET = HTT ,

2- CGE't )
(Does anyone want to explain ? )

Out ( GE ) = Out ( Ea ) LG = Ia
,
HT

.

( Maybe Ea is not exactly right , geom .

Satake does not

naturally give this )

Weil gp
-

F non - arch I → I → WE → Z ↳ I → I

① We = ①
×



IT ,

- acts by cpxconj .

⑨

unique non-trivial
IR I → ex → Wire → f → I ext

.

T

fundamental class

of class field theory
HTP , ex )

Weil gp for global # fields is gigantic & not easy

to constr .

141 :

{ we

'
G

E : → Y YEA

"

as
"

Lirr . adm
. repn of inner forms of

GIF ) )

Modifications
-

① Wf → IF Langlands gp

For local fields
,

the Weil - Deligne gp

② Depends on what kind of repn you want
.

Arthur gp → All automorphic repns occurring in



the discrete spectrum L2 ④

③ The parameters give us L - packets .

Perhaps

should view 2- = IIE as a space and the

parameters should be ( perverse) sheaves on this

space .

Weitllelignegp

WI = Gia X Wfwkw-t-llwlla.LK
§ = { Wp

' →9 LG )
it continuous

ID 4 maps

5. s to S - S
.

iii ) 4 maps Eia to whip elts
.

The { cpx repns of WF's

I
{ L - adic repns of WH
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Gal ( Q%p ) 2- - p
"

qtr
tamely ramified )

↳ ( 3g , ) CIF )
-
- E

lur Frag}

f
1*5

"

/
Kummer

Qp by Qp BED
pth

I

power d7nz
Qp Qp

Gall '4Qp ) = W 'T >Kohei
,

It '=l
* 626-1 = IP >

IE 't

k

L5%gzgt=IP )

Ftp Id ')
f pro finite completion

51

All roots

↳ ftp.muneiq.p/-GalCQPYap ) → I → a

11

Has



Rmt .

.

Maximal abelian ext of Qp ④

add " Tp .

LLC for tori (Tate gp )
-

class field theory :
HI ( Gal ETH ,

Z)

Cup with ← IS

LEA EH 'CGak¥iEyH¥ ( Gal CEH
,
EY

Eff finite F local field
extension .

HII Gal HH ,
2) EH :( Gal H

,
EJ

II 11

Hiked ETH
,
2) FYNorm-q.IE)

II

Gal ( Eff)
ab

↳ class field theory

Waf ft ( passing to limit )

Frito 1- [ ¥ ]
/

This is compatible with

the upper index



filtration of WEB & the U
.

filtration off
"

④

-

Let T l 't be a torus

KMT) = HITE ) 9 Gallet )

Tca) = HCT ) at 9 GALEAS

LI
{ WF → 4%

,

I { TCH → ex )

Sl exercise

H' CWF
.
Ta)

Let Fyq separable set T -

- Res (Gm)

TCH = (F) * F -

- Indy, e
't

H
'

( w , Ta) = H'( W
,
Ind wi Cag)

= H' CW 's = Hom ( w
'

, city = Home 't 'T
= Hom CTCF)

,
Ex )



If you insist of a functional LLC ④

compatible with above
,

get a unique LLC
.

( upper indexing → Moy - Prasad filtration )

Yu's Ottawa lecture .


