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Bruhat - Tits building

Buildings what is a building ? Philosophy
(a) The building is a geometric object

on which G outs
.

(b) The building is a simplicial complex

and/or a metric space .

tk Yu - ottawa MacDonald's spherical

functions on p-adic gps -1972

(c) The building is %

One definition
-

( very useful, not perfect)

Let G be a gp (any gp) Basubgp

Let w be a set of representatives of

B- double assets G=wIwBwB



The building is 53=46 with ②

di BxB → w given by

Jtg ,
B, 9213 ) =w if Bfi'8zB=BwB .

" Let me draw a picture
"

Example G= wfin-csi.se/sf--SE=l,ScSzSi-Szsisd
outs on

"

Coxeter complex
"

a hexagon
"baiting relation

"

-

B ={ I } is Sissi -- Szasz .

one triangle for each coset SB

one blue edge for each coset SP, 13=4,53

One red - 813 13=453

One vertex for -11 - sp p=q

Example G=G↳Htz) with B -- Bitty

let 414 -_ ( II! ) kid -_ ( III ) cette



51=9110) 52=9210) ③

Then

G = BUBS ,Bo - - - w Bs .se , B

BSIB = { gild B ( cette}

BSSZB = { Yug) Yaks) B ( G. GEE}

1352GB = { Likely ,# BI - it - 3

Bs ,SGB = { Yi Ca ) Yale) 9. Ks) B 19,45¥
The building B has

one triangle for each coset GB

one blue edge - Il - gp , PFBUBGB

gps

G

" The building relation
"

Tiki) 92144cg) = yaks) Gi ( GG -G) 9219)

Apartments each apartment is isomorphic to

the Coxeter complex of Wfin #



Fix Ci , G , GEE ④

Aa.ae, =
B "" B Y ' KMB

y , guy,

YUG)B Yaks) Yikes-GB)
B

Example " The affine Coxeter cpx
"

Waf = ( So , Si , Saf Sil Sisi , Si -Siti Sisi,

ie 2432, > 13=813

-

¥¥¥¥¥⇒*÷÷÷÷÷÷
Example " The AI building

"

G=G↳ TAILED) B=I={ SEKI 86) exists
go) ITH)



Ge U IWI where ⑤
WEWaf

if W= Sii - - Sil is reduced
,

then

IwI={ Gela) -
- - Yale) I 19 , - -GEE )

where yuck I :) 944=(1%1)
You -- f ! !

'outta:"iEI
you

t
yeol't

both

Example " The affine Coxeter complex
" AT

Waf =L So, Sil sik I > infinite dihedral

BYD

.#.si•Po={
1.So ) P , = { lis ,}



Exe G -

- Gh CHICCEH) ⑥

T

Regions in S3 correspond to useful

subsets of G

Let B be the building
C a favorite chamber

.

k a fixed apartment containing C

Automorphism and stabilizers
-

(in the good case)

G=AutCB) ( want , but not precise)

B -- { get Igc -- c )
"

Borel subgp
"



N -- {gEGIgh=h ) "normalise off
" ⑦

(Ben) - pairs

H = {get Ig fixes k pointwise ) "
Cartan subgp

"

Groups like Gls IFKCCEH) have two diff .

buildings ( which do talk to each other)

B = % = {
"

Borel subgps of G) f#

z = GII = {
"

Iwahorisubgps off) F#

By taking stabilizers
f#¥

Simplices in Bz ⇐ Parabolic
Parahorics

in G

I
⇒ minimal

Parabolic
chambers in B

parahoricg
in G

Vertices in ¥ <→ maximal parabolic ing
parahorics

apartments in I t maximal split tori in G
sectors in I t parabolic in G



For LE R ⑧

the hyperplanes hits Ua where

Ux is the filtered sequence

Ua-282 Ux-S 7- Ux Z Umg Z - - -

where Matteo = { Xxlf) / FEERHIEI )

Xx . Eta → G

The quotients in this sequence are
hw haha.ir

"

strips " in B #
h -

- IR * IT) ##
This is the source of Moy-Prasad filtration .


