
Lecture by Peter McNamara 13 Aug 2020

Good : Belin son - Bernstein localization.

{ios -mod:÷: "red } ⇒ gtw.oted.Y.m.dz
D-modules :

Xtc smooth alg Van.
Vecfcx) = Derick ) = { A : Ox → Ox I Acfg) -_ Alf >gtf Acg) }

① - linear.

If ti, " ' .tn is a local coordinate system locally Uectcx) -_¥
,
6×2#

Ox - Lie algebra
D×= sheaf of differential operators = < Veatch ?

Dx is a sheaf . of algebras on X.

has a filtration by orderofcliff . operators.
grDx€Tu* 6TH

,

Tv : TAX → X
.



Another characterisation of Dx-

DER = EA 10x → Ox
,

sit : I' ' EEA
,
Xo] xD -

. . xn3=0
.
}

tf Xo , Xi,
- ' ' Xu C- Ox

[A ,
Xo ] = Ax- - X-A

.

e. g :
n - O .

DEO = E A l EA ,
x 3=0 HEE0×3=0 ×

DE ' = 0×0 Uect CX ) (exercise)
.

Defy ' Dx = ⇐ DE? Question : why are these two equivalent ?

Let L be a line bundle on X. Using analogue ofdef2 for A:b → L .

We get a twisted sheaf of diff . operators.I
Dxh E Ende Chi

.

Exempts : Le Ocn ) on IP ?

If h= O
.

Z is the usual coordinate on Ip? W = Yw oh Ipl )EV
IP ' his = U



Normally , 2W =
- 322£

.

ICU> = GET 3 207 = QEW] y

Restrict to UN gluing datum : QQ , z
-'3 QEW

,
wt ]

I '→ Wn

z 1-3 z. yet ) = z.

Wha - W' w
"
= W
" !

2£ (Za) = a Za
- I

what operator send w
"-a
to a what' ?

6C -2A) = Wh-a

Gaza- y = awn
- at ' Answer: MW - wz 2W

.

Zz = hw - wzdw

More generally ,
G -- semisimple sinply connected group lol

132T Bowl
.
tones

.

X -GIB
.

Piccolos ) = Hornet. Qu) = KMT? } Use simply connected
condition

.

Furthermore
,

PICGCGIB) = #CT?
For all RE XH) , ma Daga, Rinks :D often people use S - shifts .

2) This construction generalizes to RE b.*= X*CT) ⑤ Q = HEX; Q )
Z

clear by computation when a = she
.



Some Mks :

IgG isn't siy.ly conn. Pieces) = not described as above.

?

BB Thin 6 Center style
-

"

REG? -7 0,2 : -219 ) → a central char
.

. - dear
. of hwtnmodnk

11 With b. wt th
.

zcucgi)

Ua : UCL )(On
.

Suppose <x.ai> of 9- I
,

-2
,
- 3 b- single di

Then :

I an equivalence of categories

{D%pimodnks}→9Un-uoduks
P 8=17%43%5 localisation functor

add :quasi . Coherent .
Examples
-
-

"

G -_ 522
,
12=0 .

X=lP1

Un -modules :



trap
'

,
G)=L- din

.

0x=Qpl
→

⇐>
\

. trivial
.

I - dimensional
.

←
. Verma lUG2) h

.

wt -2

Dirac S - function
at O 'UP?

⑧ dual henna M¥0 ) 4.wt o
.

2- So EO.

This D-mod is supported at O.

A- basis of its global sections is 42£ So }n?o
.

= weight vector in MC - 2 )
.

Verma .

Mco ) cooresp. to an extension of Oxs on Xs to IP's 9030 Xs
.

Help't .
KIP

'

yo .
allow a function to have a pole at o.

Coordinate : Z
.

W
.

MCU) - EEZ,zy MCV )= QEW]
.

= @ ow, w'T
.

I



Rap
'

, M ) = meromorphic functions with poles at O .

= us ← This is the dual Verma
.

This Al has a submodule gen . by W .

0-30×07 M .

→ (So ) → O

pad doesn't have such a nice
dualVerma description .

Dual Verma - f-
o→ Trw → Mco)

*
→ MC-21 → 0

.

Moyle Verma
FIFE :

q arbitrary .
at him arbitrary .

'

Dib A LAD -module

PCGLB
,

LGU) = Va← h
.

wt of - module h
.

wt -- N

O

Blore Weil. for an abelian
This example shows the conditions on a are necessary .

←
equivalence .



Comment : There isaderivedBB_: .

How do we relate of to DEEB ?

theorem:UnEFCDEy⑦
There should be a natural map of→ PCD '2yB ? (Japanese)

.

HTT
• Les G - equivariant .

So # XEL
,

can define 2x : h → L Gy :

xss.se#!ncuD=datCetXsCe-txy)/b---o
This defines Utd) →REDEYE?

If ofaslz . ets
.

-2W } iudep . of R -r
ft - 22

use: [e. f3=h + previous amputation . relating 2.2 ⇐ 2W
.

about computing action of h .

At the level of assoc. graded X= GIB
.



pcx.grDHERX.tv#T*xi-*x--pCT*X.6T*x) I
= 124¥ iv. Leone.

NK Nulbcone .

TH
← S'Ve scoff ?TI

NG F 't has the same size as Un SCF ) - gruff?

How to checkyou dare the right central char :
. pCX , DMB) G : I - Ian

.

. Look at action on the thx, he)
.

Ey: main ingredient of the proof ←
"FIEafferent .

Requires tick ; M 7=0
, for all DIImodule 14 .

Question . Is HE defined in Ex-mod , on Ox- mod on Qcohlx) or

does it matter
. ?



M quasi- Gh .

ME leg N ,
N coherent ox- module .

Suffices to shout ..
if Nam isa coherent sobmod ,

then : tf CX , N ) → H' CX , M) is 0 ( fond >o?

N§µµ → MqVµ
Vee- simple G-module

O
3¥

Translation functorsSome trivial v. bundle on X.
N ④ I → M ④ L

'

B - module filtration
twist

gives filtration
on VM

.

Marge enough

csemt uses o→

.ie?en::::::snj::x.:moes
T T

N coherent ) tiene H' CM)



in

Dual Vermes go to extensions of
Oxw

.

Xw↳ X is a Schubert cell .

A

SwOxw=iw*CDx←xw④p×w0xw )
* Dual Vernons are Cinducfaely ) characterise them by
x checks character

x show that the D-module has no sub modules supported on smaller strata .

No homomorphism
dual Verma → dual Verma
wth wt u

.

With Rall
.

Using the dot action .
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It doesn't matter in which category you define H' CX , -7

Ft an injective Ox - mod ( Pf: Consider ju ! u
↳ Ju ! Ou

y apply Home-
, Fi?

F Ts flasque Caf UEV open , then FCV) → FCU) surg .)

I

F is acyclic for f?

D - modules :

A - D- module is always (Gy def) quasi- coherent as an Ox -mod .

G simply Conn .
RE Hom CT. Gu?

simple alg group to ,

↳ twisted ) sheaf of diff. operators Daun GIB.



B-B_ : If < a. air > 70
.

Hi

{ D'- mod } = { Ua - mod }
Major point of the proof :

1) • 12 is exact
2) • 12cm 2=0 ⇒ into
3)• p CDR ) = Ur

About l) :
v a reps of q

.

W a B - submodule of V

Define :

Ew = Ecg B , gw) E GCBXV I SEG }
WEWb is a vector bundle

GIB
In particular, V=✓µ of highest wt u.

gives Ocu) ↳ Vu← trivial bundle
.

-

Global section functor has a left adjoint turns out to

D= DR
a
- localization functor

← be the inverse

equiv. To T.



Let ME Un -mod . It has a presentation :

UsEJ→ U#I→ M -20
,

d' " Is " t

Poo cuE5-spoocUEEJ-sp.am) -so

i. M→ Pooch ) is an isom ( Use This exact)
.

MED "- med . kernel •
cokeMel

.

•→ Ky→ Atar -2M →# → o

u

Ropar in→¥o
⇒ 0PM EM

.


