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Abstract—Multilink cable-driven manipulators offer the com-
pactness of serial mechanisms while benefitting from the advan-
tages of cable-actuated systems. One major challenge in modeling
multilink cable-driven manipulators is that the number of combi-
nations in the possible cable-routing increases exponentially with
the number of rigid bodies. In this paper, a generalized model for
multilink cable-driven serial manipulators with an arbitrary num-
ber of links that allow for arbitrary cable routing is presented.
Introducing the cable-routing matrix (CRM), it is shown that all
possible cable routing can be encapsulated into a single represen-
tation. The kinematics and dynamics for the generalized model are
derived with respect to the CRM. The advantages of the proposed
representation include the simplicity and convenience in modeling
and analysis, where all cable routing is inherently considered in
a single model. To illustrate this, the inverse dynamics analysis is
performed for two example systems: a 2-link 4-DoF manipulator
that is actuated by 6 cables and an 8-link 24-DoF mechanism ac-
tuated by 76 cables. The results show the validity and scalability
of the generalized formulation, allowing for complex systems with
arbitrary cable routing to be modeled and analyzed.

Index Terms—Arbitrary cable routing, cable-driven manipula-
tors, parallel mechanisms.

I. INTRODUCTION

CABLE-DRIVEN parallel manipulators have been widely
studied for their desirable characteristics over serial and

rigid-link parallel mechanisms: reduced end-effector weight and
inertia, potentially large reachable workspace, ease of trans-
portation, and high reconfigurability. With these advantages, a
range of applications exist for cable-driven robots, including
high-speed manipulators [1], [2], manufacturing [3], cargo han-
dling [4], interaction and sensing of the environment [5], [6],
building construction [7], haptics [8], [9], rehabilitation [10],
[11] and exoskeletons [12].

An important characteristic of cable-driven manipulators is
that cables can only actuate unilaterally through tension and not
compression (positive cable force). An n degrees-of-freedom
(DoF) system that is actuated by m cables can, therefore, be
classified as being incompletely restrained if m < n + 1, com-
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pletely restrained when m = n + 1, or redundantly restrained
for m > n + 1 [13]. Completely and redundantly restrained
cable-driven systems are regarded as redundantly actuated sys-
tems, resulting in challenges in the control [14]–[16], workspace
analysis [17]–[21], and cable arrangement optimization [22] for
this class of manipulators.

Traditionally, cable-driven parallel manipulators consist of
a single rigid body (end-effector) that is actuated by cables
driven from the base frame. The design of this type of arrange-
ment is typically not compact as the base frame is required to
fully encapsulate the desired manipulator workspace. Addition-
ally, this configuration suffers from cable-to-cable interference
as the number of cables increases [23], [24]. Another class
of cable-actuated manipulators is cable-driven capstan mech-
anisms, where the joints of the manipulator are driven by ca-
bles through capstan pulleys [25]–[28]. The advantages of this
type of mechanism include its compact design and reduction of
weight and inertia as the actuating motors are situated on the
base platform.

A more general form of capstan mechanisms are multilink
cable-driven manipulators [29]–[32], where the rigid bodies
are actuated by cables in parallel and the cables can be arbi-
trarily connected through one or more of the manipulator links.
This class of mechanisms benefits from the compactness of
serial mechanisms, and the actuation and reconfigurability of
cable-driven manipulators. Additionally, multilink cable-driven
manipulators can be regarded as anthropomorphic in nature,
where the rigid bodies and cables are structurally analogous to
bones and muscles, respectively. Examples of previous work
studied include upper-arm exoskeletons [12] and a humanoid
arm [33].

The path in which a cable is connected to the links of the
manipulator can be referred to as cable routing. Allowing for
arbitrary cable routing results in several challenges in the mod-
eling and analysis of this class of manipulators. First, the links of
the manipulator become highly coupled as cables pass through
multiple links. Furthermore, the number of possible combina-
tions in cable routing that can exist increases exponentially as
the number of links increase. The possible set of cable routing
for multilink manipulators is determined through computing the
permutations from the number of links. Previous studies have
considered either systems with cables that are directly connected
from the base to only one of the links [29] or arbitrary cable-
routing systems with a relatively low number of links [30], [32].

In [29], the system dynamics for p-link open-chain manipu-
lators were formulated using the Lagrange approach. Assuming
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that the cables were connected directly from the base to one
of the links, only p different types of cable routing for each
cable were identified and modeled. The Jacobian matrix and
the wrench-closure workspace were analytically expressed for a
2-DoF 2-link planar mechanism. In [30], a 3-link 3-DoF 4-cable
planar mechanism was modeled using the reciprocal screw the-
ory. The work considered arbitrary cable routing and allowed
cables to pass through multiple links. The equations of mo-
tion were generated by superimposing the reciprocal screws
expressed for each link and each type of cable routing. Since
each type of cable routing must be individually modeled, this ap-
proach is difficult to generalize onto systems with an increased
number of links.

In this paper, a generalized model for multilink serial open-
chain cable-driven spatial manipulators allowing for arbitrary
cable routing is presented. The cable-routing matrix (CRM) is
introduced to encapsulate all possible combinations in cable
routing. Properties for the CRM are defined to ensure that the
cable routing is physically meaningful. It is shown that the Jaco-
bian matrix relating the joint and cable spaces of the manipulator
can be formulated with respect to the CRM. As a result, the kine-
matics and dynamics for spatial multilink manipulators can be
represented in a single model that allows for all possible cable
routings. Inverse dynamics analysis was performed on two ex-
ample systems: a 2-link 4-DoF manipulator that is actuated by 6
cables as a simple multilink system and a more complex 8-link
24-DoF system that is actuated by 76 cables.

Compared with previous work in multilink cable-driven ma-
nipulators, the proposed formulation achieves arbitrary cable
routing in a generalized formulation without the need to model
each individual cable routing. The proposed method can be
used to model existing real-world robots, such as those from
[29]–[32], providing more flexibility in the modeling of cable-
routing configurations. Furthermore, the ability to model multi-
link cable-driven systems without assuming the number of links
and cable routing is beneficial in the modeling and analysis of
more complex systems. For example, biomechanical systems,
such as the human limbs, neck, and spine, are serial open-chain
mechanisms that typically possess a large number of rigid bodies
and muscles with complex routing. Such systems can be stud-
ied as multilink cable-driven systems due to their similarities in
structure and actuation.

The analysis performed on the generalized system, such as
manipulator control, workspace analysis, or optimization of ca-
ble configuration, only needs to be formulated and performed
once with respect to the generalized model. Additionally, rear-
rangement of cable routing for the system is straightforward,
where only modifications to the CRM is required, as opposed
to the reformulation of the system model.

The remainder of this paper is organized as follows. Section II
presents the structure of the multilink manipulator model. The
CRM and its properties are introduced in Section III. From
the manipulator model and the CRM, the kinematics for the
system are derived in Section IV. Section V formulates the
system dynamics and the Jacobian matrix. The inverse dynamics
analysis for the multilink model is presented in Section VI,
with simulation results for two example manipulator systems.

Fig. 1. Rigid body structure showing the coordinate frames, center of gravity
for each link, and the joint locations.

Finally, Section VII concludes the paper and presents areas of
future work.

II. MULTILINK CABLE-DRIVEN MANIPULATOR MODEL

The model and notation for a p-link serial open-chain cable-
driven system are presented in this section. Section II-A intro-
duces the rigid body structure and Section II-B presents the
model of the cables for the multilink system. The main feature
of the generalized model is that it allows for any number of links
and cables without any assumptions on the types of joints and
cable routing.

A. Rigid Body Kinematic Structure

The model for the rigid body structure of a p-link n-DoF
spatial manipulator is shown in Fig. 1. The inertial base is rep-
resented by body 0 and bodies 1 to p are the manipulator links,
where link p is the outermost link. The locations Gk and Pk

for k = 1, . . . , p represent the center of gravity of link k and the
joint location between links k and k − 1, respectively. The coor-
dinate system {F0} represents the inertial frame with origin o0
or O, and {Fk} for k = 1, . . . , p corresponds to the noninertial
frames that are attached to link k with origin ok . The origin ok

is defined to be located at the center of gravity Gk .
The generalized coordinates for link k can be denoted by

qk ∈ Rnk , where nk is the number of DoF for link k, and
define the type of joint between links k and k − 1. For example,
if links k and k − 1 are constrained by a revolute joint with
a relative angle of θ, then nk = 1 and qk = [ θ ]. If links k
and k − 1 are unconstrained, then nk = 6 and the generalized
coordinates can be denoted by qk = [x y z α β γ ]T ,
where x, y, and z represent the translation and α, β, and γ
represent the orientation of link k relative to link k − 1. The
joint space coordinates for the entire system can be represented
by q = [qT

1 qT
2 . . . qT

p ]T ∈ Rn , where n =
∑p

k=1 nk is
the number of DoF for the system.

B. Cable Model for Multilink Systems

For the m-cable multilink cable-driven system shown in
Fig. 2, the cable space for the system can be represented by the
cable lengths vector l = [ l1 l2 . . . lm ]T ∈ Rm and cable
forces vector f = [ f1 f2 . . . fm ]T ∈ Rm , where li ≥ 0
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Fig. 2. Multilink cable-driven system showing the notation for the cable at-
tachment locations. Since the system allows for arbitrary cable routing, cables
may connect from base to a link (cables 1, 3, and 4), between two links (cable
2), or pass through multiple links (cable m).

Fig. 3. Cable segment vectors showing the relationship between the cable
vector lij and force vector fij .

and fi ≥ 0 represent the length and tension force of cable i,
respectively.

Allowing cables to pass through multiple links, each cable
consists of multiple cable segments, where a cable segment is
defined as the section of the cable between two bodies. To ensure
that the cable routing is physically realizable, Assumption 1
ensures that cables have a finite number of cable segments.

Assumption 1: Each cable must have a finite number of cable
segments, where si is the number of segments for cable i.

Hence, the maximum number of segments that a cable can
possess in the system is s = maxisi . The attachment point of
segment j of cable i on link k, as shown in Fig. 2, can be denoted
by Aijk . The kinematics of a cable with multiple segments can
be described by cable segment vectors, where the cable segment
vector for segment j of cable i, as shown in Fig. 3, can be
denoted by lij .

If segment j of cable i is attached from link a to link b, the
corresponding cable segment vector can be defined as

lij = −rOAi j a
+ rOAi j b

∀j ∈ {1, . . . , si}. (1)

Denoting the length of segment j of cable i as lij = ||lij ||, the
length of cable i can be expressed as

li =
si∑

j=1

lij . (2)

For the remaining segments j > si , the cable segment vector lij
can be assumed to be a zero vector, where

lij = 0 ∀j > si. (3)

Hence, from (2) and (3), the length of the cable i can be equiv-
alently expressed as

li =
s∑

j=1

lij . (4)

Similarly, the forces for a cable with multiple segments can
be described by cable segment force vectors, where the cable
segment force vector for segment j of cable i can be denoted
by fij . Assuming that the segments of a cable route through a
frictionless pulley, the force in a cable can be assumed to be
uniform across all its segments. Hence, from Fig. 3, it can be
observed that fij can be related to lij by

fij = −l̂ij fi ∀j (5)

where l̂ij is the unit vector of lij .

III. CABLE-ROUTING MATRIX

To represent the cable routing for multilink cable-driven sys-
tems, a CRM is introduced. Each term cij (k+1) within the CRM
describes the cable-routing relationship between segment j of
cable i and link k, where

1) cij (k+1) = −1 denotes that segment j of cable i begins
from link k;

2) cij (k+1) = 1 denotes that segment j of cable i ends at link
k;

3) cij (k+1) = 0 denotes that segment j of cable i is not con-
nected to link k.

For an m-cable system, each cable has a maximum of s
segments and each cable segment can be attached onto p + 1
bodies (inertial base frame and p system links). Defining C =
{−1, 0, 1}, the CRM for a system C can be regarded as a 3-D
matrix with dimensions m × s × (p + 1) and C ∈ Cm×s×(p+1) .
The cable routing for each cable can be extracted from the
CRM and represented by a set of matrices C1 , C2 , . . . , Cm ∈
Cs×(p+1) , where Ci is a s × (p + 1) matrix that describes the
cable routing for cable i. Row j of Ci represents the cable routing
for segment j of cable i and element (j, k) of Ci represents the
term cijk within the CRM.

The CRM can be regarded as the descriptor of the cable rout-
ing for generalized multilink cable-driven manipulators, where
all possible cable routings are encapsulated within a single ma-
trix representation. The kinematics and dynamics of the system
can then be modeled with respect to the CRM, resulting in a
generalized model without predefining the cable routing for the
system. Furthermore, the result of any analysis that is performed
on the generalized model, such as inverse dynamics, control,
workspace analysis, and cable configuration optimization, can
be described with respect to the CRM. The primary advantage
of the CRM is that the modeling and analysis is only required
to be performed once on the generalized model, and any recon-
figuration of the cable routing only requires modification to the
elements of the CRM.
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Fig. 4. Simple 4-link 3-cable example system to demonstrate how the CRM
can be used to describe different types of cable routing.

A. Cable-Routing Matrix Example

For the 4-link 3-cable manipulator shown in Fig. 4, the CRM
will be formulated to illustrate how the routing of cables and
segments can be defined. Without the loss of generality, the
maximum number of segments can be set as s = 4. Hence,
each cable can have a maximum of four segments and can be
attached to 5 bodies: the inertial base and links 1 through to 4.
The resulting CRM can be denoted as C ∈ C3×4×5 , and matrices
C1 , C2 , C3 ∈ C4×5 describes the cable routing for cables 1, 2,
and 3, respectively.

From Fig. 4, cable 1 is connected from the base platform to
link 2, and can be described by

C1 =

⎡

⎢
⎢
⎢
⎣

−1 0 1 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

⎤

⎥
⎥
⎥
⎦

.

Cable 1 only consists of a single segment, corresponding to
the first row in C1 and c1jk = 0 ∀j > 1. Segment 1 begins
from the base and ends at link 2, represented by c111 = −1 and
c113 = 1, respectively. Similarly, the routing matrix for cable 2
is represented by

C2 =

⎡

⎢
⎢
⎢
⎣

0 0 −1 0 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

⎤

⎥
⎥
⎥
⎦

.

Cable 2 consists of a single segment, hence c2jk = 0 ∀j > 1,
and begins from link 2 and ends at link 4, represented by
c213 = −1 and c215 = 1, respectively. Considering a multiseg-
ment example, the routing matrix for cable 3 is represented by

C3 =

⎡

⎢
⎢
⎢
⎣

−1 0 0 0 1

0 0 0 1 −1

0 1 0 −1 0

0 0 0 0 0

⎤

⎥
⎥
⎥
⎦

.

From C3 , cable 3 consists of three segments, where the first
segment begins from the base and ends at link 4, represented by
the first row of C3 where c311 = −1 and c315 = 1, respectively.
The second row of C3 defines that the second segment begins at
link 4 and ends at link 3, represented by c325 = −1 and c324 = 1,

respectively. Finally, segment 3 begins at link 3 and ends at link
1, represented by c334 = −1 and c332 = 1, respectively.

B. Cable-Routing Matrix Properties

To ensure that the cable routing of a system is feasible and
physically meaningful, a set of properties for the CRM that
represent the necessary and sufficient conditions on valid cable
routing are defined. Properties on the CRM can be utilized in
verifying the validity of CRMs and in constructing feasible ca-
ble routing. The construction of feasible CRMs is important in
automating the design process of cable-driven multilink mech-
anisms.

Properties 1 and 2 ensure that every cable segment j ≤ si

is feasible, where each segment has exactly one beginning and
one ending attachment. Property 3 ensures that the remaining
segments j > si are not attached onto any links and that lij =
0 ∀j > si from (3) is satisfied.

Property1:
∑p+1

k=1 cijk =0 ∀i ∈ {1, . . . , m} ∀j ∈ {1, . . . , s}.
Every cable segment must have an equal number of beginning
and ending attachments.

Property 2:
∑p+1

k=1 |cijk | = 2∀i ∈ {1, . . . , m} ∀j ∈ {1, . . . ,
si}. Each segment from 1 to si must be attached to two different
links, where 1 ≤ si ≤ s is the total number of segments for
cable i.

Property 3: cijk = 0 ∀i ∈ {1, . . . , m} ∀j ∈ {si + 1, . . . , s}
∀k ∈ {1, . . . , p + 1}. Following from Property 2, the remaining
virtual segments j > si must not have any attachment points to
any links.

Property 4 ensures that for cables with multiple segments, the
ending attachment of a segment and the beginning attachment
of the next segment are connected at the same location.

Property 4: ∀i ∈ {1, . . . ,m} ∀j ∈ {1, . . . , si − 1}∃k ∈ {1,
. . . , p + 1} : cijk − ci(j+1)k = 2. Combining with Properties 1
and 2, consecutive segments are connected such that the ending
attachment of segment j and beginning attachment of segment
j + 1 are attached onto the same link.

As a result of Property 4, the CRM is structured such that
rows 1 and si of Ci represent the first and last segments of cable
i. Hence, if cable i begins on link a, then ci1(a+1) = −1 and
location Ai1a can be regarded as the beginning attachment point
for cable i. Similarly, if cable i ends on link b, then cisi (b+1) = 1
and location Aisi b can be regarded as the ending attachment
point for cable i. From the aforementioned properties, each
cable must have one beginning and one ending attachment point.
For cables with multiple segments, the connection locations
between consecutive segments can be regarded as pass-through
attachment points.

Properties 1 to 4 represent a minimum set of properties for
any multilink cable-driven system such that the cables and its
segments defined by the CRM are valid. In a similar manner to
the proposed properties, additional properties can be defined to
impose constraints on how the cables attach or pass through the
links of the manipulator depending on the specific requirements
for the manipulator. For example, requiring that each cable only
be attached to each link of the manipulator at most one can
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ensure that the cables do not form closed loops. To satisfy this
requirement, Properties 5 and 6 can be defined on the CRM.

Property 5:
∑p+1

k=1 |
∑

j cijk | = 2∀i. The beginning attach-
ment point and ending attachment point of every cable are lo-
cated at different links. If the beginning or ending attachment
point of cable i is located at link k − 1, then

∑
j cijk = −1 or∑

j cijk = 1, respectively. Otherwise, if cable i does not attach
onto or pass through link k − 1, then

∑
j cijk = 0. If the be-

ginning and ending attachments of cable i are on the same link,
then

∑
k |

∑
j cijk | = 0 and the cable forms a closed loop.

Property 6:
∑

j |cijk | ≤ 2∀i∀k. Following from Property 5,
cable i is connected to link k − 1 at most once. Cable i is either
not connected to link k − 1 (

∑
j |cijk | = 0), begins or ends

on link k − 1 (
∑

j |cijk | = 1), or passes through link k − 1
(
∑

j |cijk | = 2).

IV. KINEMATICS

In this section, the direct kinematics and Jacobian matrix J
with respect to the CRM will be derived. The Jacobian matrix
represents the kinematic relationship between the time deriva-
tive of cable lengths l̇ and the time derivative of joint space
coordinates q̇, where l̇ = J q̇. From the definition of the CRM
presented in Section III, the cable segment vector from (1) can
be expressed as

lij =
p∑

k=0

[
cij (k+1)rOAi j k

]
. (6)

The length of cable i can be determined by substituting the cable
segment vector from (6) into (4), where

li =
s∑

j=1

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

p∑

k=0

cij (k+1)rOAi j k

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
. (7)

The relationship from (7) represents the direct kinematics for
the generalized multilink cable-driven system.

To relate l̇ and q̇, the manipulator task space x is introduced.
The time derivative of the task space ẋ represents the absolute
linear velocities of the center of mass and absolute angular
velocities for each body of the system, where

ẋ =
[ 1 ṙT

Oo1
1ωT

1 . . . p ṙT
Oop

pωT
p

]T
.

Vectors k ṙOok
and kωk refer to the absolute linear velocity of

point ok and absolute angular velocity of body k, respectively.
The left superscript k denotes that the vector is expressed in
{Fk}. The time derivative of the length of segment j of cable i
can be determined by

l̇ij = l̂ij · l̇ij . (8)

Substituting (8) and time derivative of (6) into the time derivative
of (4) allows l̇i to be expressed with respect to the CRM, where

l̇i =
s∑

j=1

l̇ij

=
s∑

j=1

p∑

k=0

[
cij (k+1)

k l̂ij ·k ṙOAi j k

]
. (9)

Since 0 ṙOAi j 0 = 0 as 0rOAi j 0 is fixed in {F0}, and k ṙOAi j k
=

k ṙOok
+k ωk ×k rok Ai j k

, then (9) can be expressed in the form

l̇i =
p∑

k=1

s∑

j=1

[
cij (k+1)

k l̂ij ·
(
k ṙOok

+k ωk ×k rok Ai j k

)]

=
p∑

k=1

[Vixk
ṙOok

+ Viθk
ωk ] (10)

where

Vixk
=

⎛

⎝
s∑

j=1

[
cij (k+1)

k l̂ij
]
⎞

⎠

T

Viθk
=

⎛

⎝
s∑

j=1

[
cij (k+1)

krok Ai j k
×k l̂ij

]
⎞

⎠

T

. (11)

The terms Vixk
and Viθk

represent the relationship between the
task space velocities of link k and the time derivative of the
length of cable i. From (10), the relationship between l̇ and ẋ
can be expressed in the form l̇ = V ẋ, where

V =

⎡

⎢
⎢
⎣

V1x1 V1θ1 . . . V1xp
V1θp

...
...

Vmx1 Vmθ1 . . . Vmxp
Vmθp

⎤

⎥
⎥
⎦ ∈ Rm×6p . (12)

The relationship between the time derivative of the joint space
coordinates q̇ and task space velocities ẋ can be determined from
the expressions of absolute linear and angular velocities of link
k in {Fk}, where

k ṙOok
=

k∑

a=1

[Waxk
q̇a ]

kωk =
k∑

a=1

[Waθk
q̇a ] . (13)

The terms Waxk
and Waθk

represent the linear relationship
between q̇a and the relative linear and angular velocities, re-
spectively, between links k and k − 1. The relationship (13) can
be expressed for the entire system in the form ẋ = W q̇, where

W =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

W1x1 01×n2 . . . 01×np

W1θ1 01×n2 . . . 01×np

...
...

W1xp
W2xp

. . . Wpxp

W1θp
W2θp

. . . Wpθp

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ R6p×n . (14)

From (12) and (14), the relationship between the time deriva-
tive of the cable length vector and time derivative of the joint
space coordinates can be expressed as l̇ = V W q̇ = J q̇, where
J is the Jacobian matrix of the system. The Jacobian matrix can
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be expressed as

J =

⎡

⎢
⎢
⎣

J11 J12 . . . J1p

...
...

Jm1 Jm2 . . . Jmp

⎤

⎥
⎥
⎦ ∈ Rm×n (15)

where

Jia =
p∑

k=a

[Vixk
Waxk

+ Viθk
Waθk

] . (16)

The Jacobian matrix term Jia ∈ R1×na represents the relation-
ship between the time derivative of the length of cable i and
the time derivative of the joint space coordinates of link a. The
Jacobian matrix from (15) for the generalized system encapsu-
lates all possible cable routing as terms Vixk

and Viθk
from (11)

are generically defined with respect to the CRM terms.

V. DYNAMICS

The equations of motion for the generalized multilink system
can be expressed in the form

M(q)q̈ + C(q, q̇) + G(q) + Γe = −JT (q)f (17)

where M,C,G, and Γe represent the mass-inertia matrix, cen-
trifugal and Coriolis vector, gravitational vector, and external
force vector, respectively.

The force and moment acting on link k due to cable i can be
denoted as FTi k

and MTi k
, respectively. Utilizing (5), the force

and moment can be expressed as

kFTi k
=

s∑

j=1

[
cij (k+1)

k fij
]

= −
s∑

j=1

[
cij (k+1)

k l̂ij
]
fi

kMTi k
= −

s∑

j=1

[
cij (k+1)

krok Ai j k
×k l̂ij

]
fi (18)

where moments are evaluated about the link’s center of gravity
ok . The CRM element cij (k+1) from (18) represents the rela-
tionship between the force of segment j of cable i and link k.
For example, cij (k+1) = 0 indicates that the force of the cable
segment does not produce a resultant force or moment on the
link. Summing the forces and moments from (18) across all ca-
bles, the resultant force and moment acting on link k due to the
cable forces can be expressed as

kFTk
= −

m∑

i=1

[
V T

ixk
fi

]

kMTk
= −

m∑

i=1

[
V T

iθk
fi

]
(19)

where V T
ixk

and V T
iθk

are the transpose of the terms from (11) and
represent the relationship between the force in cable i and the
resultant wrench on link k. From (19), the resultant wrench on

the entire system due to the cable forces vector can be expressed
with respect to (12) as

wT = −V T f (20)

where wT =
[ 1FT

T1
1MT

T1
. . . pFT

Tp

pMT
Tp

]T
. The

equations of motion for the system can be determined by propa-
gating the dynamics of each individual body and projecting the
forces onto the system joint space. The dynamics for link k can
be expressed in {Fk} as

d

dt

(
mk

k ṙOGk

)
= kFTk

+ kFRk
+ kFEk

+ kGk

d

dt

(
Ik

kωk

)
= kMTk

+ kMRk
+ kMEk

(21)

where mk and Ik are the mass and inertia matrix of link k, re-
spectively. The resultant force and moment acting on body k are
comprised of cable wrench FTk

and MTk
, total interaction force

FRk
and moment MRk

, external wrenches FEk
and MEk

, and
gravity force Gk . For a serial manipulator, the total interaction
force and moment on link k comprises the interaction forces
and moments at joints Pk and Pk+1 , as shown in Fig. 1, and can
be expressed as

kFRk
= kFPk

− kFPk + 1

kMRk
= kMPk

+ krGk Pk
× kFPk

− kMPk + 1

− krGk Pk + 1 × kFPk + 1 (22)

where FPk
and MPk

are the interaction force and moment at
joint Pk , respectively.

The equations of motion for link a can be derived by project-
ing the interaction forces and moments at Pa onto the directions
of the nonworking interaction forces. The projection results in
the relationship

ST
a

[ aFPa

aMPa

]

= 0na ×1 (23)

where ST
a ∈ Rna ×6 represents the projection of interaction force

and moment onto the generalized coordinates of link a. Begin-
ning from the outermost link, FPp + 1 = MPp + 1 = 0, and the
interaction force and moment at Pp can be determined from
(21) and (22) as

pFPp
= pF∗

p

pMPp
= pM∗

p + prPp Gp
× pF∗

p (24)

where F∗
k and M∗

k can be expressed as

kF∗
k =

d

dt
(mk ṙOGk

) − FTk
− FEk

− Gk

kM∗
k =

d

dt
(Ikωk ) − MTk

− MEk
. (25)

Similarly, the interaction force and moment at joint Pp−1 are

p−1FPp −1 = F∗
p−1 + p−1

p RpFPp

= F∗
p−1 + p−1

p R F∗
p

p−1MPp −1 = M∗
p−1 + rPp −1 Gp −1 × FPp −1
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+ p−1
p R MPp

+ rGp −1 Pp
×

(
p−1
p R FPp

)

= M∗
p−1 +p−1

p R M∗
p + rPp −1 Gp −1 × F∗

p−1

+ rPp −1 Gp
×

(
p−1
p R F∗

p

)
. (26)

Generalizing the interaction force and moment relationships
from (24) and (26), the interaction force and moment at joint Pa

can be expressed as

aFPa
=

p∑

k=a

[akR F∗
k ]

aMPa
=

p∑

k=a

[
a
kR M∗

k + arPa Gk
×

(
a
pR F∗

k

)]
. (27)

Substituting (27) into (23), the equations of motion for link a
can be expressed as

ST
a

p∑

k=a

[[
a
kR

[arPa Gk
]×

a
k R

]

F∗
k +

[
0

a
kR

]

M∗
k

]

= 0. (28)

The terms WT
axk

and WT
aθk

are the transpose of Waxk
and Waθk

from (13), respectively. For serial manipulators, the terms can
be defined as

WT
axk

= ST
a

[
a
kR

[arPa Gk
]×

a
k R

]

WT
aθk

= ST
a

[
0

a
kR

]

. (29)

Substituting (29) into (28) results in

p∑

k=a

[
WT

axk
F∗

k + WT
aθk

M∗
k

]
= 0. (30)

The equations of motion for the system can be determined by
incorporating (25) into (30) for each body, resulting in

WT

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

m1 r̈OG1 − G1 − FE1

d

dt
(I1ω1) − ME1

...

mp r̈OGp
− Gp − FEp

d

dt
(Ipωp) − MEp

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= WT

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

FT1

MT1

...

FTp

MTp

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (31)

From (20), the relationship between the cable forces and gener-
alized forces on the manipulator can be expressed as

WT wT = −WT V T f = −JT f . (32)

It can be observed that the substitution of (32) into (31) results
in the equations of motion of the general form (17), where JT

is the transpose of the Jacobian matrix from (15), where

JT =

⎡

⎢
⎢
⎣

JT
11 JT

21 . . . JT
m1

...
...

JT
1p JT

2p . . . JT
mp

⎤

⎥
⎥
⎦ ∈ Rn×m . (33)

The transpose of the Jacobian matrix term JT
ia can be expressed

as

JT
ia =

p∑

k=a

[
WT

axk
V T

ixk
+ WT

aθk
V T

iθk

]
. (34)

The definition of the transpose of the Jacobian matrix and its
terms from (33) and (34), respectively, is consistent with the
Jacobian matrix and its terms from (15) and (16), respectively.
The term JT

ia ∈ Rna ×1 represents the relationship between the
force of cable i and the generalized force of link a.

VI. INVERSE DYNAMICS ANALYSIS

The inverse dynamics problem for cable-driven manipulators
refers to the determination of positive cable forces to achieve
a desired trajectory described with respect to the generalized
coordinates qr (t), q̇r (t), and q̈r (t). The actuation redundancy
in cable-driven systems is typically resolved by optimizing for
an objective function expressed as a function of the cable forces.
The inverse dynamics problem at time t can be defined as

f ∗ = arg min
f

Q(f)

s.t M(qr )q̈r + C(qr , q̇r ) + G(qr ) + Γe = −JT (qr )f

0 ≤ fmin ≤ f ≤ fmax (35)

where f ∗ is the resolved cable forces through the minimization
of the objective function Q(f). The minimum and maximum
bounds on the cable forces are denoted by fmin and fmax , respec-
tively. Common objective functions include linear and quadratic
functions, Q1(f) = H1f and Q2(f) = fT H2f + H3f , respec-
tively, where H1 ∈ R1×m ,H2 ∈ Rm×m , and H3 ∈ R1×m rep-
resent weightings for the distribution of cable forces [15], [34].
Since both constraints in (35) are linear, the class of the op-
timization problem depends on the objective function. For ex-
ample, selection of Q(f) = Q1(f) or Q(f) = Q2(f) results in
a linear programming or quadratic programming problem, re-
spectively. The quadratic function Q(f) = fT f will be utilized
for the examples in this section. Without the loss of generality,
the cable routing for the examples in this section do not form
closed loops, and hence the maximum number of segments is
defined as s = p for a p-link system.

A. 2-Link 4-Degree of Freedom Spherical-Revolute System

A 2-link spatial manipulator with 4 DoF is shown in Fig. 5.
Link 1 is constrained to origin of the inertial frame through
a spherical (S) joint, and links 2 and 1 are constrained by a
revolute (R) joint. The generalized coordinates for the system
can be expressed by q = [α β γ θ ]T , where α, β, and
γ represent the xyz-Euler angles of the spherical joint and θ
represents the relative angle of the revolute joint.

The system is actuated by 6 cables, where cables 1 to 4
are connected from the base to link 1, and cables 5 and 6 are
connected from the base to link 2, passing via link 1. The CRMs
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Fig. 5. 2-link Spherical-Revolute 6-cable model.

for cables 1 to 4, denoted by C1 to C4 , respectively, are

C1 = C2 = C3 = C4 =
[−1 1 0

0 0 0

]

and the CRMs for cables 5 and 6 can be expressed by

C5 = C6 =
[−1 1 0

0 −1 1

]

.

In this system, the attachment locations of the cables rok Ai j k
are

symmetrically arranged, such that when the manipulator is in
its zero upright position, cables 1 and 3 are located in the XZ-
plane, and the remaining cables are located in the Y Z-plane.

A simple trajectory was selected to demonstrate the inverse
dynamics of the generalized equations of motion for the 2-link
system. The desired trajectory qr (t) was constructed by inter-
polating from the initial pose qs = [ π

10 0 0 − π
6 ]T to the

final pose qe = [− π
10 0 0 π

6 ]T . Additionally, the initial
and final velocities and accelerations for the desired trajectory
were set to zero q̇s = q̇e = q̈s = q̈e = 0. Fig. 5 shows the ma-
nipulator in its initial pose qs .

Fig. 6 shows the resulting cable forces that are required to
produce the desired trajectory qr (t). The minimum and maxi-
mum bounds on cable forces were set to 0.001N and 1000 N,
respectively. Since the motion qr (t) is purely in the Y Z-plane,
it is expected that cables 1 and 3 both exert the minimum tension
value, as shown in Fig. 6(a) and (c), respectively. For the motion
t ≤ 0.5 s, cables 2 and 6 are required to actuate the motion of
links 1 and 2, respectively. Since cable 6 is connected to both
links 1 and 2, it causes link 1 to move in the undesired direction
compared with the desired trajectory, and hence cable 2 requires
a higher cable force to counteract this, as shown in Fig. 6(b).
Since the motion is symmetrical about the XZ-plane, cables 4
and 5 behave similarly for the motion t ≥ 0.5 s.

B. 8-Link 24-Degree of Freedom 8-Spherical Neck Model

To show the versatility and scalability of the generalized CRM
formulation, a more complex 8-link example is presented. The
kinematic structure is modeled to represent the human neck or
cervical vertebrae, consisting of seven bones (bones C7–C1) and
the skull. Links 1 to 7 represent bones C7 to C1, respectively,
and link 8 represents the skull. As each joint possesses 3 DoFs,
the total number of DoFs for the system is n = 24. The joints

Fig. 6. Cable force profiles for 2-link SR trajectory. (a) Cable 1. (b) Cable 2.
(c) Cable 3. (d) Cable 4. (e) Cable 5. (f) Cable 6.

between the bones of the system have been modeled as spherical
(S) joints to approximate the cervical vertebrae joints.

The system consists of 76 cables, where the cable routing and
attachment locations were obtained from a biomechanics model
of the neck [35]. The muscles are symmetrically located such
that 38 cables represent the left neck muscles and 38 cables are
the right neck muscles. Fig. 7(a) shows the model from [35]
visualized in the OpenSims software, and Fig. 7(b) shows the
similarly structured cable-driven mechanism model constructed
from the generalized CRM model.

The 8-link example demonstrates the simplicity in which ar-
bitrary cable routing can be achieved for complex systems. The
neck model consists of many different types of cable routing,
from simple cableroutings consisting of a single segment to
complex routings with multiple pass-through attachment points.
For example, one of the neck muscles begin from the base of
the neck (link 0) to the C5 bone (link 3), then the correspond-
ing CRM for the cable model with the same routing can be
expressed as

C1 =

⎡

⎢
⎢
⎢
⎢
⎣

−1 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0
...

...

0 0 0 0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎦

.

Considering a more complex example where the muscle begins
from the C4 bone (link 4), then connects to bones C3 (link 5),
C2 (link 6), C1 (link 7), and finally ends at the skull (link 8). The
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Fig. 7. 8-link 8-Spherical (8S) 76-cable model. Note that the proposed formu-
lation is able to represent all of the muscle-routing from the OpenSim model.
(a) OpenSim neck model. (b) 8-link 8S 76-cable model.

corresponding CRM for the cable model with the same routing
can be expressed as

C2 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0 −1 1 0 0 0

0 0 0 0 0 −1 1 0 0

0 0 0 0 0 0 −1 1 0

0 0 0 0 0 0 0 −1 1

0 0 0 0 0 0 0 0 0
...

...

0 0 0 0 0 0 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

The aforementioned examples demonstrate the simplicity and
flexibility of the proposed CRM representation for cable routing
and the model of the system dynamics. After defining the CRM
for specific cables, for example C1 and C2 , the same generalized
formulation presented in Sections IV and V can be utilized.

The generalized coordinates for the system can be represented
by eight sets of Euler angles, where qk = [αk βk γk ]T

are the xyz-Euler angles for joint k. Three simple trajectories
were selected for the inverse dynamics simulation: roll motion
qroll(t), pitch motion qpitch(t), and yaw motion qyaw (t) that
correspond to pure rotations in the X,Y , and Z axes, respec-
tively. The roll, pitch, and yaw trajectories are generated by
interpolating between initial and final generalized coordinates
as shown in Table I. The initial and final velocities and accel-

TABLE I
TRAJECTORIES FOR 8-LINK 8S MODEL

Fig. 8. Cables force profiles for the 8-Link 8S manipulator roll trajectory.
(a) Cables forces (left muscles). (b) Cables forces (right muscles).

erations for the generalized coordinates are zero, and the total
time for each trajectory is 1 s.

The resulting force profiles for the roll, pitch, and yaw motion
trajectories are shown in Figs. 8–10, respectively. Note that
in this example muscles have been assumed to be ideal force
generator elements [36]. For the roll trajectory qroll(t), motion
is purely in the Y Z-plane and is symmetrical about the XZ-
plane. Physically, this is analogous to the tilting of the head
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Fig. 9. Cables force profiles for the 8-Link 8S manipulator pitch trajectory.
(a) Cables forces (left muscles). (b) Cables forces (right muscles).

from left to right. For this motion, it is expected that the left and
right cables should be reflected about time t = 0.5 s. Fig. 8(a)
and (b) shows the set of left and right cables, respectively, and
reflection about t = 0.5 s can be observed. For this trajectory,
the maximum cable force observed is approximately 23 N.

In comparison, qpitch(t) motion is analogous to the tilting of
the head from back to front. Since motion is in the XZ-plane,
Fig. 9(a) and (b) shows that the corresponding left and right ca-
bles exert the same force for the entire trajectory. Furthermore, it
can be observed that the first part of the motion t < 0.5 s requires
a considerably larger amount of cable force, with a maximum of
approximately 230 N, than the second half of the trajectory, with
a maximum force of less than 10 N. This observation suggests
that the cable attachment locations are arranged such that lower
forces are required to operate in the positive XZ-plane. Similar
to single link cable-driven systems, the performance and cable
force characteristics heavily depend on the location of cable
attachment locations. However, the performance of multilink
cable-driven manipulators highly depends on both cable routing
and attachment locations.

The effect of cable arrangement on manipulator’s perfor-
mance is further illustrated through the yaw motion qyaw (t).
The cable forces for the yaw trajectory for the left and right

Fig. 10. Cables force profiles for the 8-Link 8S manipulator yaw trajectory.
(a) Cables forces (left muscles). (b) Cables forces (right muscles).

cables are shown in Fig. 10. The yaw motion is analogous to the
panning motion of the head from right to left. Similar to the roll
motion, it is expected that the set of left and right cable forces
are reflected about time t = 0.5 s, as observed in Fig. 10(a) and
(b). In comparison to the roll and pitch trajectories, it is apparent
that the yaw motion requires the smallest cable force to perform,
with a maximum cable force of approximately 2 N.

The 8-link model example demonstrates that the generalized
model that is based on the CRM is able to describe the cable rout-
ing for complex systems, such as the routing of muscle within
biomechanical systems. After formulating the generalized Ja-
cobian matrix, analysis such as inverse dynamics, workspace
analysis, and cable configuration optimization can be performed
on the generalized system. Since the Jacobian matrix formula-
tion is independent to the number of links, type of joints and
cable routing, analysis can be formulated and performed for the
generalized system.

VII. CONCLUSION AND FUTURE WORK

A generalized model formulation for multilink open-chain
cable-driven manipulators allowing arbitrary cable routing
was presented. The CRM was introduced to encapsulate all
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possible routing of the cables for the system. The Jacobian
matrix was derived with respect to the CRM through the for-
mulation of the system kinematics and equations of motion. To
demonstrate the versatility and advantages of the generalized
system formulation, inverse dynamics analysis was performed
on the generalized multilink manipulator model. This was sim-
ulated for two example manipulators: a simple 2-link 4-DoF
6-cable system and a more complex 8-link 24-DoF 76-cable sys-
tem. Future work will focus on further applying analysis tech-
niques on the generalized multilink manipulator model, such
as workspace analysis, and extending these analysis techniques
to study biomechanical systems due to their anthropomorphic
similarities.
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